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RESUMO
No presente trabalho, apresenta-se um novo elemento de contato do tipo mortar de alta ordem
para solução de problemas bi e tridimensionais de contato com atrito, considerando pequenas
e grandes deformações. Considera-se o modelo Neo-Hookeano de material hiperelástico com-
pressível isotrópico. O mapeamento das superfícies curvas dos elementos de contato foi real-
izado com NURBS (Non-Uniform Rational B-Splines). Verifica-se o desempenho do elemento
em pequenas e grandes deformações com soluções conhecidas na literatura, e apresentam-se
estudos de precisão de solução e tempo de processamento para refinamentos p e h. Como apli-
cações em dinâmica de contato, apresentam-se soluções para problemas de impacto estrutural
com o elemento de contato de alta ordem. Os resultados comparativos mostram que a interpo-
lação de alta ordem é uma estratégia com desempenho superior para os problemas de contato
analisados, melhorando a precisão da solução das tensões e forças geradas pelo contato com um
menor tempo de processamento.
Palavras-Chave: Mecânica do contato computacional; Método dos elementos finitos de alta
ordem; Elemento de contato to tipo mortar de alta-ordem; Grandes deformações; Material
hiperelástico; Impacto.
ABSTRACT
In the present work, we present a new high-order mortar-based contact element for solution of
two and three-dimensional frictional contact problems, considering small and large deforma-
tions. The Neo-Hookean isotropic compressible hyperelastic material model was considered.
The mapping of curved surfaces of elements was performed with Non-Uniform Rational B-
Splines (NURBS). We verify the behavior of the element in small and large deformation with
known solutions in the literature and present studies of accuracy and processing time of the con-
tact elements for h- and p-refinements. As applications in dynamic contact, we present solutions
for structural impact problems with high-order contact element. The comparative results show
that the high-order interpolation is a strategy with superior performance for the contact prob-
lems analysed improving the solution accuracy of the stresses and forces generated by contact
with a lower processing time.
Keywords: Computational contact mechanics; High-order finite element methods; High-order
mortar-based contact elements; Large deformations; Hyperelastic materials; Impact.
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1 INTRODUCTION
The advance of computational technologies makes possible the implementation of
new processes of development and the validation of products using virtual tools. These tools
represent an opportunity to reduce cost and time in developing projects [59]. With a highly
competitive market and an increasing demand for new products that can meet the basic qual-
ity and reliability requirements, the interest in results of numerical simulation has grown for
engineering problems.
The popularization of computational simulation, associated with the increasing of
computing processing capacity, stimulates the search for solutions of more and more complex
problems. The study of these problems, mostly multidisciplinary, demands the improvement of
knowledge in many areas such as Math, Computing, Physics and Engineering. In an industrial
context, the feasibility of numerical simulation of everyday engineering problems is directly
related to the response time. This decisive factor depends on the degree of complexity of the
analysed problem and obviously on the hardware and the software that are used. In industry
as well as in scientific research, multiprocessing systems have been employed as a strategy to
reduce processing time.
The robustness of the computational tool as well the reliability of the results are also
an essential factor to use this kind of simulation. These requirements depend, among other fac-
tors, on the numerical technique employed in the solution. For structural engineering problems,
the Finite Element Method (FEM) is the most used technique.
The FEM can be understood as a numerical method to find the solution of Boundary
Value Problems (BVP), based on discretization, that uses polynomial functions to approximate
the solution. It is expected that the approximate solutions to be as close as possible of the
real behavior.The approximation errors can be controlled through refinement strategies. These
strategies define the FEM versions. In general, we consider three versions of FEM: h, p and hp.
In the h version, the convergence of solution is due to the reduction of the elements size and
it was the first technique applied, starting in the sixties. In the p version, the error reduction is
obtained by the increase of the expansion polynomial order and it started to be developed in the
end of the seventies [80]. When used together, these two strategies give rise to the hp version
developed and implemented in [4].
The p and hp versions are related to the High-Order FEM (hp-FEM). In recent
years, the hp-FEM has been receiving great attention, mostly because of its exponential (also
called spectral) convergence rates of the approximate solutions for problems. In practice, this
kind of convergence means that for smooth solutions, the error in the numerical solution de-
creases at least two orders when doubling the number of interpolation functions, which is dif-
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ferent of the low order methods where the convergence rate is algebraic [44].
The efficiency and advantages of the hp-FEM when applied to nonlinear structural
problems have been widely studied in the literature [38, 42, 27, 35, 16]. The advantages over
classical methods are the exponential convergence rates for smooth problems [44], flexibility
in using elements with larger aspect ratios, locking-free with respect to the thickness of plate
and shell elements and incompressible materials [26]. In the last years, the hp-FEM has been
applied to frictionless contact problems considering small deformations in [64, 29, 47]. The
results showed that the use of hp-FEM in this class of problems increases the accuracy of results
for contact stresses with fewer degrees of freedom. The mortar and mortar-based linear elements
are commonly used for the discretization of the contact terms [32, 67, 69, 71, 72, 95, 93, 92].
Recent papers showed gains in the solution accuracy with the use of quadratic contact elements
[73, 67, 34, 87, 32, 86, 68].
The mortar method was originally proposed for domain decomposition techniques
[14] and later adapted for frictionless contact problems in [13]. The method consists of ele-
ments which are built from nodes and edges of different bodies in contact. The formulation
was extended to frictional contact problems considering large deformations and low-order in-
terpolation in [62]. Comparative simulations in large deformation showed better accuracy with
fewer degrees of freedom using quadratic contact elements [87, 67, 32]. The papers [64, 29]
applied high-order Legendre polynomials for interpolating the node-to-segment and segment-
to-segment contact elements and obtained significantly accurate results for small deformations.
A covariant contact description was used to incorporate a high-order finite element in the treat-
ment of contact problems in [47]. A hierarchical enrichment of the shape functions space al-
lowed to construct a contact layer finite element combining both exact geometry representation
for contact surfaces, and a mesh with linear shape functions for the interior of the contacting
bodies. It was applied an under-integration strategy to control the stress oscillation problem.
However, the strategy adopted was not effective for the results for the Hertz problem presented.
The recent advent of isogeometric analysis [40] has provided a framework in which
an exact description of the geometry is combined with the possibility to achieve the desired
degree of continuity at the element boundaries. In the last few years, this new computational
mechanics technology has been successfully applied to a large variety of problems [11, 12, 1,
18, 96].
The first investigations on contact treatments in the framework of isogeometric anal-
ysis were recently conducted in [81, 55, 53]. In [81], it was applied a NURBS-based isogeo-
metric analysis to thermomechanical frictionless contact problems in a three-dimensional large
deformation setting with the penalty method. Qualitative analyses on large deformation fric-
tionless sliding indicated a good iterative convergence behavior of the NURBS discretizations
and the analysis of the classical Hertz problem demonstrated that the stress oscillations on the
detachment area only can be controlled with a very fine mesh.
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In [55], the isogeometric setting was combined with a segment-to-segment contact
formulation proposed in [65] and the penalty method was adopted. It was also suggested that
the NURBS geometry can be efficiently used to describe the mechanics of intrinsically smooth
materials such as fabrics. The related example showed that the smooth motion of the fabric,
including some large wrinkles, could be captured with a relatively small number of degree of
freedoms.
Paper [53] presented a mortar-based isogeometric contact formulation, in a two-
dimensional large deformation setting with Coulomb friction, using the penalty method. A
qualitative analysis of the Hertz problem with friction was presented with contact stress dis-
tributions for different discretization orders. Again, the problem of the stress oscillations on the
detachment area was controlled with a very fine mesh.
In [54], a NURBS-based isogeometric analysis was adopted to model three-dimensional
large deformation frictionless contact problems with a mortar-based approach. The enforcement
of the contact constraints was obtained by using the augmented Lagrangian method.
A node-to-segment contact formulation was considered in [61], and more recently
a weighted point-based formulation was considered in [60], both with isogeometric elements.
In general, as presented in the papers [81, 53, 54, 82, 61, 60], the isogeometric
approach smoothes the reaction forces generated by contact far from the contact region. This
kind of improvement is usually presented using large sliding problems and only qualitative
results are showed. In dealing with on/off contact stress problem, especially problems where
detachment occurs in the contact region (e.g. Hertz problem), all previously cited references
controlled the stress oscillations with very fine mesh. In these works, the obtained results for
the Hertz problem showed that high-order interpolation with NURBS reduces contact stress
oscillations in the on/off contact interface, however requiring very fine meshes on the contact
area.
Overviews about computational contact mechanics are presented in [87, 49, 23, 25].
The present work is an extension of the fully high-order mortar-based contact el-
ement proposed in [25]. In that work, computational solutions of the high-order mortar-based
contact element for two-dimensional small and large deformation problems were presented.
The penalty method was used to impose the contact restriction on the mortar-based integrals.
Futhermore, the Neo-Hookean isotropic compressible hyperelastic material model was consid-
ered for large deformations. Here, we extend this element to an approach using the Augmented
Lagrangian method.
1.1 Main motivations
Our main motivation is to apply the contact element developed here in a simulation
with a virtual model of the human eye in the future. We believe that the model to be developed
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can be useful to study myopia and its associated pathologies caused by mechanical loads and
help identifying patients with potential retinal pathologies. The numerical model may also help
ophthalmologists to predict the onset of these pathologies and consequently have more precise
estimations for future preventive surgical interventions. As a second application, we will apply
the eye model to simulate the effect of a non-lethal weapon in the human eye with the rubber
bullet impact. In both applications, we will be able to determine the way that numerical strains
and stresses are distributed in the contact eye tissues interface and these values can be compared
with experimental data from the literature to verify if critical values were achieved.
In the non-lethal weapon problem, we seek to analyse the structural impact that are
a special class of problem, in which dynamic and structural contact concepts are involved. This
kind of problem is one of the most complex phenomenons in Solids Mechanics which makes its
solution very difficult. It appears in many engineering areas such as aeronautical, automotive,
mechanical in general and electric-electronic. Over the last years, it has been awakening the
interest of researchers and engineers. Usually, the interest in the impact analysis is related to
people safety or to durability and/or reliability of consumption items.
Our interest lies in the fact that some challenges related to numerical simulation of
impact remain unsolved [3] and the use of the hp-FEM in this kind of problem is not found in the
literature. As an example, the book [92] quotes an important aspect relative to the instability of
systems in dynamic problems involving impact, which is still frequently studied. The problem is
related to the fact that the contact boundary nodes have inertia. When these nodes get in contact
with the target a kinetic energy loss occurs, which causes instabilities in the energy conservation
system [39]. This problem affects the contact stress field causing high stress oscillations.
Some alternatives are used in the literature to deal with this problem. The work [51]
suggests a conservative algorithm based on the imposition of contact restrictions and a regula-
tion scheme with a conservative time integration method proposed in [77]. This proposal obtains
satisfactory results from the point of view of energy conservation, but generates additional re-
strictions to the contact problem based on the velocity field. Paper [39] handles the problem
through the mass redistribution, in order to remove the inertia of the contact nodes. The strategy
proposes the conservation of the mass, gravity center and inertia moment. Another work in the
area proposes a mass matrix sub integration scheme [3].
Motivated by the paper [39], we considered that the mass redistribution in the con-
tact region is an important factor to be studied to handle the problem in an future work. The idea
is to overcome the instability problem through the high-order formulation in a future analysis.
1.2 Objectives and contributions
The main objective of this work is to develop a new high-order mortar-based con-
tact element for solution of two and three-dimensional frictional contact problems, considering
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small and large deformations. In order to model the material at large deformations, the Neo-
Hookean isotropic compressible hyperelastic material model was considered. The proposed
formulation was an extension of that one we developed in [25] for three-dimensional contact
problems using the Augmented Lagrangian method to impose the contact restrictions.
The mapping of element curved surfaces was performed with Non-Uniform Ra-
tional B-Splines (NURBS). The contact element was implemented in our C++ finite element
software framework ((hp)2-FEM).
We validated this element in small and large deformation with known solutions in
the literature and presented studies of accuracy for high-order interpolation and processing time
of contact elements for h- and p-refinements. As applications in dynamic contact, we presented
solutions for two impact problems with high-order contact element.
We produced the following scientific contributions from the present work up to the
moment:
∙ Papers presented in international conferences
Dias, A. P. C., Serpa, A. L. and Bittencourt, M. L. High-order mortar finite element
applied to the analysis of contact problems. ICOSAHOM 2014 - International Conference
on Spectral and High Order Methods. Salt Lake City, Utah, USA, 2014.
Dias, A. P C., Serpa, A. L. and Bittencourt, M. L. High-order mortar finite element ap-
plied to analysis of computational contact mechanics. WCCM 2014 - World Congress on
Computational Mechanics. Barcelona, Spain, 2014.
Dias, A. P C., Bittencourt, M. L. and Proenca, S. P. B. High-order mortar-based el-
ement applied to nonlinear analysis of three-dimensional structural contact problems.
ICOSAHOM 2016 - International Conference on Spectral and High Order Methods. Rio
de Janeiro, Brazil, 2016.
∙ Paper published in indexed scientific journal
Dias, A. P C., Serpa, A. L. and M. L. Bittencourt High-Order Mortar-Based Element
Applied to Nonlinear Analysis of Structural Contact Mechanics. Computer Methods in
Applied Mechanics and Engineering. Published in June 2015.
∙ Book chapter submitted to Imperial College Press
Dias, A. P C., Proenca, S. P. B. and Bittencourt, M. L. Advances in Computational Cou-
pling and Contact Mechanics: Standard and Generalized High-Order Mortar-Based Fi-
nite Elements in Computational Contact Mechanics. Imperial College - London, UK. To
appear in 2018.
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1.3 Organization of the thesis
We present the contact problem description in the Chapter 2, where we show the
weak form of the boundary value problem, the contact kinematics and contact virtual work. We
finish the chapter with the linearization of the contact virtual work.
In the Chapter 3, we present the hp-FEM main features and the construction of
the mortar-based contact element. It was also presented the concepts about the contact surface
orientation and contact element activation strategy. The mapping using NURBS surfaces is
presented in the Chapter 4.
We present in Chapter 5 the contact solution algorithms used and the main numer-
ical strategies for a better understanding of the developed work. Then, we finish presenting the
results in the Chapter 6 and the main conclusions and future works in the Chapter 7.
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2 CONTACT PROBLEM DESCRIPTION AND VARIATIONAL FOR-
MULATION
The contact physical phenomenon is characterized by the interaction between dif-
ferent parts of the bodies, which, during the mechanical process, may occupy the same position
in the space at the same time. Since this is not physically admissible, interaction forces between
the solid’s parts arise and the solids must deform so that no penetration is observed. As the kine-
matical restrictions in some portions of the external boundaries are not known beforehand, the
boundary value problem automatically becomes nonlinear, regardless of the adopted kinematic
and constitutive model.
Consider two elastic bodies Bγ with γ = 1,2, each one occupying a delimited do-
main Ωγ ⊂ R2 (or R3 for three-dimensional problems), as shown in Fig. 2.1. The boundary Γγ
consists of three parts: Γσ with prescribed traction loads, Γu with prescribed displacements and
Γc called contact surface where the two bodies B1 and B2 get in contact. The following relation-
ships must be satisfied: Γγ = Γγσ ∪Γγu∪Γγc and Γγσ ∩Γγu∩Γγc = /0. In Γγc , once contact occurs, an
impenetrability condition must be verified. A pair of contacting points must be considered in
order to express such condition mathematically. Then, it is considered that two distinct points
of the bodies in the initial configuration, with material coordinates, respectively, X1 and X2, can
occupy the same position in the current configuration, x2 = ϕ(X2, t) = x1 = ϕ(X1, t), where
contact conditions have to be formulated. ϕ is an evolution operator.
ϕ(    ,  ) X2 t =ϕ(    ,  ) X1 t
ϕ2
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Fig. 2.1 – Kinematics of the finite deformation contact problem [87].
In the present work, we consider problems involving nonlinear effects of large de-
formations with two or more bodies in contact. The formulation is based on the references
[50, 87, 25]. In the following sections, we present the weak form of the boundary value prob-
lem and a brief overview of contact mechanics.
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2.1 The weak form of the boundary value problem (BVP)
The strategy commonly used in contact problems to solve the resultant system of
equations is to treat it as a constrained minimization problem [6, 50, 87]. The objective function
is the total potential energy of the bodies in contact Π(u), which is the sum of the potential
energy of the mechanical system (Πs(u)) and of the contact region (Πc(u)). The solution of a
frictionless contact problem can be obtained from the minimization of the total potential energy
subject to inequality constraints of non-penetration between bodies. Mathematically, we can
define the problem as
(P)
 min Π(u) =Πs(u)+Πc(u)s.t. g(u)≥ 0 . (2.1)
The constraints are given by the penetration function or gap function g(u), that rep-
resents the specific non-penetration condition of bodies. If g = 0, a perfect contact occurs; for
penetration between bodies, g > 0; and for a non-penetration condition, g < 0. Once friction is
taken into account, additional restrictions are necessary in the minimization problem, as well as
a constitutive law for the friction. The potential energy of the contact is constructed according
to the constrained minimization method adopted. Assuming that the total potential energy func-
tional Π(u) is convex, the solution of the constrained minimization problem (2.1) is equivalent
to the solution of the variational formulation using the Principle of Virtual Work (PVW). The
variational formulation will be used in this work for the solution of the contact problems.
The weak statement of the equilibrium of a body is provided by the PVW. We can
write the spatial virtual work equation δΠs for the mechanical system as
δΠs =
∫
Ω
σ : δεdΩ−
∫
Ω
f ·δudΩ−
∫
Γσ
t¯ ·δudΓ, (2.2)
where Ω denotes the current domain occupied by the body, with boundary ∂Ω = Γσ
⋃
Γu and
Γσ
⋂
Γu = /0. Γσ and Γu denote the Neumann (with prescribed traction loads) and Dirichlet
(with prescribed displacements) boundaries, respectively. δu is the virtual displacement vector
from the current position, σ is the Cauchy stress tensor, δε is the virtual strain tensor, f is the
body force vector and t¯ is the vector field of prescribed tractions at the Neumann part of the
current solid boundary.
For large deformation problems kinematics, it is possible to use different descrip-
tions of the strain measures. A total Lagrangian approach is here chosen, for which the Green
strain tensor E and the second Piolla-Kirchhoff stress tensor S are conjugated in the definition
of the internal virtual work. Moreover, hypereslasticity is assumed for describing the nonlinear
elastic constitutive model. Accordingly, the behavior of the material is said path-independent
and a stored strain energy function per unit of non-deformed volume (Πint) can be established.
Further derivations can be found in [17, 37].
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Different hyperelastic models are available. Among the possibilities, the Neo-Hookean
compressible material model is here chosen. Therefore, following [87], the correspondingly
strain energy function is defined as
Πint =
1
2
µ [tr (C)−3]+ λ
4
(
J2−1)−(λ
2
+µ
)
ln(J) , (2.3)
where C is the right Cauchy-Green deformation tensor, directly related to E. J2 is the deter-
minant of C and ln(J) is the natural logarithm of J. The Lamè parameters µ and λ are two
material independent parameters [17].
The stress tensor work conjugated to E is the second Piolla-Kirchhoff tensor S. In
other words, the work conjugacy concept enables constructing a totally Lagrangian constitutive
equation as follows:
S=
∂Πint
∂E
= 2
∂Πint
∂C
. (2.4)
Finally, we write the virtual work equation in terms of the second Piolla-Kirchhoff
tensor S. It is a material or total Lagrangian description [7] and can be written as: find u ∈ Vt
such that for ∀δu ∈V
δΠtot =
∫
Ω0
S : δEdΩ−
∫
Ω0
f ·δudΩ−
∫
Γσ
t¯ ·δudΓσ +δΠc, (2.5)
where δΠc is the contact virtual work that will be defined in the following sections, Vt is the
standard solution space for the elasticity problem and V the test space, respectively defined as
Vt =
{
u ∈ H1 (Ω) : u= u¯(x, t) for x on Γu
}
, (2.6)
V =
{
w ∈ H1 (Ω) : w(x) = 0 for x on Γu
}
. (2.7)
H1 (Ω) is the Sobolev space that consists of all vector valued functions over Ω whose values
and first derivatives are square integrable over the domain.
Further detailed description on the derivation of the weak form of the BVP, includ-
ing hypereslasticity behavior, can be found in [49]. All contact kinematics necessary to construct
the contact virtual work δΠc is defined in the following sections.
2.2 Normal contact description
We can establish the local contact kinematics required by the physics of the prob-
lem. Considering Fig. 2.2, the current configuration of points in the bodies B1 and B2 are given
by
xγ = Xγ +uγ , (2.8)
where Xγ is the vector position of the point in the initial configuration, uγ is the displacement
vector fields of bodies with γ = 1,2.
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Fig. 2.2 – Current configuration of the bodies Bγ [87].
The gap vector is defined as
g=
(
x2−x1) , (2.9)
and the mathematical condition to prevent a body to penetrate into another one is expressed by
a usual normal penetration function gN defined as
gN =
{
g ·ν if g ·ν > 0 (with penetration)
0 if g ·ν ≤ 0 (without penetration) , (2.10)
where ν is the normal vector on the contact point x¯1 (see Fig. 2.2).
Eq. (2.10) defines the magnitude of numerical penetration between bodies. The spe-
cial case of multiple projection coordinates is described in [87].
The normal unit vector ν is associated to the body B1 and defined as
ν (ξ ) =
τ1 (ξ )× τ2 (ξ )
‖τ1 (ξ )× τ2 (ξ )‖ , (2.11)
where the tangent vector is given by τα (ξ ) = x1,α (ξ ) and α = 1,2 describe the contact para-
metric directions (see Fig. 2.3). For two-dimensional problems τ2 is replaced by the unit vector
perpendicular to the plane of analysis. Note that the tangent vector is not a normalized vector,
because it will be necessary in both unitary and absolute forms.
These vectors are computed from x¯1(ξ ), which is the orthogonal projection of the
contactor point x2 on surface Γ1c (Fig. 2.2). Considering that the contact boundary area is locally
convex, we can associate with each point x2 on Γ2c an orthogonal projection point x¯1 on Γ1c , given
by the solution of the minimum distance problem [21]
dˆ1 (ξ ) =
∥∥x2− x¯1∥∥= min
x1⊂Γ1c
∥∥x2−x1(ξ )∥∥ . (2.12)
The coordinate ξ = (ξ1,ξ2) denotes the parameterization of the boundary surface
Γ1c by convective coordinates as given in [19, 87, 23], where a detailed review can be found
27
about these coordinates. This parametrization system of curved surfaces is widely used in the
literature both for solving contact problems [89, 90, 87, 32] and for shell problems [20, 19].
For contact problems, this coordinate system can describe better the deformed sur-
faces that are used to establish the contact restrictions [87]. It is also possible to describe the tar-
get surface with ndim−1 parametrization coordinates, where ndim is the number of the proposed
problem dimensions. This promotes the reduction of the number of variational and linearization
terms, which is an important aspect for the analysis of contact problems.
The basic idea is to have a system of coordinates connected to the target body which
deforms with the body (Fig. 2.3).
τ1
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Fig. 2.3 – Convective coordinates.
Firstly, we must write the initial X and the current x coordinates of the Cartesian
system as a function of the convective coordinates ξα . For three-dimensional contact problems,
we need two parametrization directions once the contact target is geometrically described as a
surface and α = 1,2. For two-dimensional problems, the target is described geometrically by a
line and α = 1. Rewriting the Cartesian coordinates, we have
X= X(ξα) , (2.13)
x= x(ξα) . (2.14)
We can now define the tangent vector in the X point of the B configuration as
Tα =
∂X
∂ξα
= X,α . (2.15)
For two-dimensional contact problems, ξα = ξ1 = ξ .
An important observation is that this compact notation for the first partial deriva-
tive will be also used along the text. Analogously, for the second derivative we have X,αβ =
∂
∂ξβ
(
∂X
∂ξα
)
.
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Assuming sufficient smoothness, the tangent vector can be defined for a point ϕ (X, t)
in the deformed configuration ϕ (B)
τα =
∂ϕ (X, t)
∂ξα
= ϕ,α . (2.16)
Using the chain rule, along with the Eqs. (2.15) and (2.16), the tangent vector can
be rewritten as
τα =
∂ϕ (X, t)
∂X
∂X
∂ξα
= FTα . (2.17)
Equation (2.17) indicates that it is possible to establish a relation between τα and
Tα through the deformation gradient tensor defined in the convective coordinates as
F= τα ⊗Tα . (2.18)
These tangent vectors are denominated convective parametrization system covari-
ants [19]. They are connected to the covariant vectors in a way to attend the relation τα · τβ =
δβα , where δ
β
α is the Kronecher delta [19].
Four transformation relations can be written based on the previous definitions [87]
τα = FTα , (2.19)
τα = F−TTα , (2.20)
Tα = F−1τα , (2.21)
Tα = FT τα . (2.22)
The components of the metric and curvature tensors for a point on the target surface
are defined, respectively, as [87]
mαβ = τα · τβ with mαβmβγ = δαγ , (2.23)
kαβ = kβα =−τα ·ν ,β = τα,β ·ν . (2.24)
Analogously to Eq. (2.23), we can define the components of the metric tensor in the
initial configuration as
Mαβ = Tα ·Tβ . (2.25)
To determine the weak form of the contact problem, it will be necessary to evaluate
the variation of the penetration function, which can be obtained through the Eq. (2.10) as
δgN = δ
{[
x2− x¯1 (ξ¯)] ·ν (ξ¯)} . (2.26)
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Fig. 2.4 – Orthogonal projection for the minimum distance problem with convective coordi-
nates [87].
Considering all the terms in the Eq. (2.26) dependent on the deformation, we have
δgN =
[
η2− η¯1− x¯1,αδξα
][
x2− x¯1 (ξ¯)] ·ν (ξ¯) , (2.27)
where ηα = δuα is the test function or the virtual displacement. Some simplifications can be
applied to Eq. (2.27) by the fact of using a system of convective coordinates in the parametriza-
tion of the surface Γ1. In the system adopted, we have x¯1,α ·ν = 0 and ν ·δν = 0, which results
in
δgN =
[
η2− η¯1] ·ν . (2.28)
2.2.1 Average normal definition
The discretization process induces sudden changes of surface normal and tangent
vectors at contact nodes between different contact surfaces. This kind of discontinuity may
occur even with high-order contact elements, since the interpolation functions applied in the
present work have only C0 continuity. The discontinuity of these basis vectors can adversely
affect the robustness of the algorithms, especially when the projected coordinate slips between
different surfaces. Furthermore, we need some smoothing strategy to compute ν (ξ ) (Eq.(2.32)),
otherwise these sudden changes will affect all terms that depend on normal vectors.
Some papers propose that the induced instabilities can be bypassed increasing the
number of the integration points [32, 31, 54]. This method has the advantage of being easily
implemented, but it is not very precise and increases the number of operations. Here, a simple
averaging method is applied to determine the nodal basis vectors, which are used both in our
mortar-based segmentation and to solve the contact constraints. A continuous normal field is
defined on the surface, based on a uniquely defined normal vector at each slave node [92].
As illustrated in Fig. 2.5 (Fig. 2.6 for three-dimensional cases), a unique normal
vector is defined at node i, which is the weighted average of the outward normal vectors on
the adjacent elements which share node i. The definition of the normalized normal vector n¯i on
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node i is
n¯i =
ni
‖ni‖ , (2.29)
where ni is defined for two-dimensional case as
ni = l2ni1 + l1ni2. (2.30)
For three-dimensional cases, the average normal vector ni can be defined as
ni =
Nnei
∑
a=1
nia, (2.31)
where the vector nia can be defined form Eq. (2.11) as
nia (ξ ) =
τ1a (ξ )× τ2a (ξ )
‖τ1a (ξ )× τ2a (ξ )‖
, (2.32)
Therefore, while for two-dimensional cases ni1 and ni2 are the normal vectors de-
fined on the two elements sharing at node i, for three-dimensional cases, nia are the normal
vectors defined on the ea elements sharing node i and Nnei is the number of elements connected
with node i. The quantities l1 an l2 are the lengths of the two adjacent edges.
Now we can redefine Eq. (2.32) as a continuous normal vector at any position by
interpolation as
ν (ξ ) =
Nns
∑
i
Ni (ξ ) n¯i, (2.33)
where Ni (ξ ) is the shape function associated with each node i and Nns is the number of nodes
per contact surface. The vector ν (ξ ) is used to compute the normal at the projection coordinate
ξβp of each integration point ζp.
2.3 Tangential contact description
In the tangential contact component, two situations must be considered. The first
one occurs when a point in the contact surface Γ2 does not have tangential relative movement
to the target surface Γ1. This situation is known as tangential condition for adhesion (stick). The
second situation is the opposite of the first, that is to say, the point in question moves tangentially
over the contact surface. This situation is denominated slipping (slip).
In the following sections, for notation convenience, we omit the bar of the terms
which will be calculated in the projection coordinate (terms on Γ1), for example ξ¯ = ξ , x¯1 = x1.
In the adhesion condition, the point that sticks to the other body does not move
tangentially. Therefore, the computed value for the convective projected coordinate does not
change during the movement, that is, ξ˙ = 0. From the Eq. (2.12), it is possible to write for the
stick case that
gT = gTατα = 0, (2.34)
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where
gTα =
(
x2−x1) · τα . (2.35)
The slip condition (slip) is a dissipative process in frictional problems and it is
characterized by the change of position of a point x2 in relation to the projection coordinate
x¯1. Therefore, the coordinate ξ , obtained by the minimization problem (Eq. (2.12)), will move
through the Γ1c surface. It is necessary to know the path covered by x2 on Γ1c surface once the
problem is dependent on this path. The formulation presented in [87] proposes the integration
of the velocity to obtain this path. To do so, the tangential displacement of the point x2 on the
contact surface is defined in the bodyB1. The path of the point x2 on Γ1c is given by
dgT = ταdξα = x1,αdξα , (2.36)
where the tangent vector τα is evaluated in the projection coordinate ξ . From the Eq. (2.34) and
with the relations dgT = ‖dgT‖ and dξα = ξ˙αdt, we can define the integrate which results the
length of the friction path
gTα =
∫ t
t0
∥∥∥ξ˙αx1,α∥∥∥dt = ∫ t
t0
√
ξ˙α ξ˙βmαβdt, (2.37)
where t is the time used to parametrize the path covered by the point x2.
To evaluate the Eq. (2.37), it is necessary to know the derivative in the time of the
coordinate ξ , which can be obtained from the time derivative of the relation
(
x2−x1) · τα = 0,
as follows:
d
dt
[(
x2−x1 (ξ ))] · τα = [v2−v1− τβ ξ˙β] · τα + [x2−x1] · τ˙α , (2.38)
where τ˙α = v1,α +x1,αβ ξ˙β .
This results in the following system of equations:
Aαβ ξ˙β = Rα , (2.39)
where
Aαβ =
[
mαβ +gNkαβ
]
, (2.40)
Rα =
[
v2−v1] · τα −gNν ·v1,α . (2.41)
Using the relation Aαβ =
(
Aαβ
)−1, we can write the relative velocity explicitly as
ξ˙β = Aαβ
[(
v2−v1) · τα +gNν ·v1,α] . (2.42)
For two-dimensional problems we can rewrite the Eq. (2.42) as
ξ˙ =
1
m11+gNk11
[(
v2−v1) ·x1,ξ +gNν ·v1,ξ] . (2.43)
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Knowing the coordinate change ξ , we can write the tangential relative velocity
using the simplification of the notation proposed in [87] as
g˙T = ξ˙αx1,ξ . (2.44)
Analogously to the contact terms with normal components, the formulation of the
weak form of the contact problem will also need the evaluation of the variation of the tangential
terms. The variation of the tangential slip can be obtained in the same way that Eqs. (2.42) and
(2.44) were determined. Therefore,
δgT = δ ξ¯βx1,β , (2.45)
where δ ξ¯ β can be obtained replacing v by the test function η in the Eq. (2.42) resulting in
δ ξ¯β = Aαβ
[[
η2−η1] · τα −gNν ·η1,α] . (2.46)
For two-dimensional cases, Eq. (2.46) can be rewritten as
δ ξ˙ =
1
m11+gNk11
[(
η2−η1) ·x1,ξ +gNν ·η1,ξ] . (2.47)
2.4 Treatment of contact restrictions
A classic strategy of the contact formulation is to treat normal contact as a unilat-
eral restriction problem [46, 43]. It is used when is essential to satisfy the geometric contact
constraint correctly. This type of strategy does not require a constitutive relation for the contact
interface.
The necessary condition for no penetration between the bodies is gN ≤ 0. According
to Fig. 2.7, when there is contact (gN > 0), a stress vector t1, associated with the contactor, arises
in order to prevent interpenetration and is given by
t1 = σ1ν = tNν− tTα τα , (2.48)
where tN and tT are the normal and tangential contact stress components and σ1 is the Cauchy
stress tensor computed in the target. The stress vector acts on both surfaces and t1 (ξ ) =−t2 (ξ ),
according to the action and reaction principle at a given contact point. In the case of frictionless
contact, tT = 0.
When there is contact, gN = 0 and the contact stress is tN > 0; for no contact gN < 0
and tN = 0. These conditions are represented by the following set of constraint equations:
gN ≤ 0 ,
tN ≥ 0 ,
tNgN = 0.
(2.49)
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Fig. 2.7 – Stress vector on the contact interface [87].
The previous equations define the Hertz-Signorini-Moreau conditions, which are
the basis for the treatment of frictionless contact problems as a constrained minimization prob-
lem. This set of equations is known as the Karush-Kuhn-Tucker (KKT) conditions in optimiza-
tion theory [10, 56]. The restrictions are imposed on the contact potential energy, as presented
in the following section.
2.5 Contact virtual work
We can write the variation of the total potential energy for the contact problem (Eq.
(2.1)) using the (PVW) [7] as
δΠtot (u) = δΠs (u)+δΠc (u) , (2.50)
where δΠs is the system virtual work (see Eq. (2.5)) and δΠc the contact virtual work defined
as
δΠc (u) =
∫
Γc
t ·δgdΓc, (2.51)
where t is the contact traction vector field [32] and δg the variation of the gap vector that will
be defined in the following sections.
Eq. (2.51) can be rewritten as
δΠc (u) =
∫
Γ2c
t2 ·η2dΓ2c +
∫
Γ1c
t1 ·η1dΓ1c . (2.52)
According to the action and reaction principle, we can write t1 (ξ )dΓ1c =−t2 (ζ )dΓ2c
Eq. 2.52 becomes
δΠc (u) =
∫
Γ2c
t2 ·η2dΓ2c−
∫
Γ2c
t2 ·η1dΓ2c
=
∫
Γ2c
t2 · [η2−η1]dΓ2c . (2.53)
From Eq. (2.48), we have t2 (ζ ) =− [tNν− tTα τα ]. Then
δΠc (u) =−
∫
Γ2c
[tNν− tTα τα ] ·
[
η2−η1]dΓ2c . (2.54)
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2.5.1 Lagrange multiplier method
The classic frictionless contact potential energy contribution using the Lagrange
multiplier method is defined as [87]
ΠLMc =
∫
Γc
λNgNdΓ, (2.55)
where λN is the Lagrange multiplier that can be identified as the normal contact stress tN . The
interpolation functions for the mixed (λN ,u)−interpolation has to fulfill the Ladyzenskaja-
Babuška-Brezzi (LBB or inf-sup) condition in order to be stable. Special higher-order interpo-
lation functions to fulfill the inf-sup condition can be find in [85] and it is going to appear in
[24].
The contact potential energy is only added to the total potential energy when the
contact restriction is active. Therefore, the contact virtual work can be obtained by the first
variation of the contact potential energy as
CLMN = δΠ
LM
c =
∫
Γc
(λNδgN +δλNgN)dΓ. (2.56)
2.5.2 Penalty method
The contact potential energy using the penalty method is defined as [87]
Πc =
1
2
∫
Γc
tNgNdΓ. (2.57)
Penalty parameters are added to the contact potential energy by considering normal
contact stress proportional to the penetration function
tN = εNgN , (2.58)
where εN is the scalar penalty parameter in normal direction.
The contact potential energy is obtained by replacing Eq. (2.58) in (2.57)
ΠPEc =
1
2
∫
Γc
εNg2NdΓ. (2.59)
Similarly to the Lagrange multiplier method, the contact virtual work can be ob-
tained by the first variation of (2.59) as
CPEN = δΠ
PE
c =
∫
Γc
εNgNδgNdΓ. (2.60)
In the penalty method, the impenetrability condition is fully satisfied only when
the penalty parameters in normal and tangent directions, εN and εT , respectively, tend to very
high values, i.e., εN → ∞ and εT → ∞. In addition, the method is very effective in linear elastic
mechanics and in situations where low levels of stresses are involved [50]. For problems with
high stress levels, this aspect makes computationally unfeasible to apply the penalty method,
due to ill-conditioning from the excessive increasing of the penalty parameters.
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2.5.3 Augmented Lagrangian method
The Augmented Lagrangian method (AL) solves the restrict problem by solving
successive unrestrained problems, combining concepts of the penalty parameter and dual meth-
ods (dual Lagrangian), eliminating some disadvantages associated to these methods [56]. The
method allows the exact representation of the contact constraints while uses implicitly the
penalty parameter method to facilitate the iteractive process. It was applied to frictionless con-
tact problems in papers [91, 46] and to large deformations contact problems with friction in
[63, 52]. The formulation produces a differentiable energy functional fully described in [33].
We can write the potential energy contribution due to normal contact using the
Augmented Lagrangian method as
ΠALN =

∫
Γc
(
λNgN + εN2 (gN)
2
)
dA if λˆN ≥ 0∫
Γc
(
− 12εN |λN |2
)
dA if λˆN < 0
, (2.61)
where λN , gN and εN are, respectively, the Lagrange multiplier, the gap function and the penalty
parameter in the normal direction. We also define the term λˆN = λN + εNgN .
The virtual work associated to the contact contribution can be obtained by the en-
ergy variation of (2.61) [87]
CALN = δΠ
AL
N =

∫
Γc
(
λˆNδgN +δλNgN
)
dA if λˆN ≥ 0∫
Γc
(
− 1εN λNδλN
)
dA if λˆN < 0
. (2.62)
Similarly, considering the Coulomb’s friction law, the contact energy for the tan-
gential direction can be written as
ΠALT =

∫
Γc
(
λT · gˇT + εT2 gˇT · gˇT
)
dA if λˆN ≥ 0 and
∥∥∥λˆT∥∥∥≤ µλˆN∫
Γc− 12εT
(
‖λT‖2−2µλˆN
∥∥∥λˆT∥∥∥+(µλˆN)2)dA if λˆN ≥ 0 and ∥∥∥λˆT∥∥∥≥ µλˆN∫
Γc
(
− 12εT ‖λT‖
2
)
dA λˆN < 0
,
(2.63)
where λT is the Lagrange’s tangential multipliers vector, εT is the tangential penalty parameter
and µ the coefficient of friction. The tangential relative increment is defined as gˇT = ξ˙
α
ταdt
and the vector λˆT = λT + εT gˇT . α = 1 for two-dimensional problems and α = 1,2 for three-
dimensional problems.
The relative velocity of the projected point is defined as
ξ˙
α
= Aαβ
[(
v2− v¯1) · τα +gN n¯1 · v¯1,α] , (2.64)
where the vectors v2 and v¯1 represent the velocities of the contactor point and its projection
point on the target, respectively.
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The virtual work associated to this contact contribution is
CALT = δΠ
AL
T =

∫
Γc
(
λˆT ·δ gˇT +δλT · gˇT
)
dA if λˆN ≥ 0 and
∥∥∥λˆT∥∥∥≤ µλˆN∫
Γc
(
µλˆN λˆT
‖λˆT‖ ·δ gˇT −
1
εT
[
λT − µλˆN λˆT‖λˆT‖
]
·δλT
)
dA if λˆN ≥ 0 and
∥∥∥λˆT∥∥∥≥ µλˆN∫
Γc
(
− 1εT λT ·δλT
)
dA λˆN < 0
.
(2.65)
The most commonly used technique in mechanics to solve the previous equations
is the multipliers method, better known as Uzawa algorithm [56]. This algorithm is obtained
from the previous equations maintaining the Lagrange multipliers fixed during the process of
solution of the system of equations. Therefore, the problem splits up in two parts:
1. A global solution step, where balance iterations are performed maintaining the Lagrange
multipliers fixed;
2. An updating of the Lagrange multipliers step, with the kinematics converged in the global
solution step.
In contrast with the normal contact stiffness matrix and the geometrical part ob-
tained from the stiffness matrix due to friction, the resultant contact stiffness matrix for prob-
lems with friction is non-symmetric [50, 87]. In the present work, we use the strategy of
symetrization of the frictional contact stiffness matrix resultant developed in [52]. This formu-
lation moves all the non-symmetric source from the solution step to the Lagrange multipliers
updating step.
The first step of the symmetric algorithm of the problem is to write the contact
virtual work as
CAL =CALN +C
AL
T =
∫
Γc
(
tNδgN + tTαδ ξ¯
α)dA, (2.66)
where tN and tTα are the contact stresses in normal and tangential directions, respectively, which
are defined as
tN :=
〈
λˆN
〉
= ⟨λN + εNgN⟩ ,
tTα := λTα + εT Mαβ
(
ξ¯ β − ξ¯ pβ
)
.
(2.67)
The problem becomes subject to the following evolution equations for the stresses
[49]
Mαβ ξ˙
β
= γ˙ tTα[
tTβ M
βγ tTγ
]1/2 ,
φ (tTα ,λN) :=
[
tTαM
αβ tTβ
]1/2−µλN =≤ 0,
γ˙ ≥ 0, φ (tTα ,λN) γ˙ = 0,
(2.68)
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and the following constraint equations for the multipliers
λN ≥ 0,
gN ≤ 0,
λNgN = 0,
Mαβ ξ˙
β − γ˙λ tTα[
λTβ M
βγλTγ
]1/2 = 0,
φ (λTα ,λN) :=
[
λTαMαβλTβ
]1/2−µλN =≤ 0,
γ˙λ ≥ 0, φ (λTα ,λN) γ˙λ = 0.
(2.69)
This set of equations makes the stiffness matrix become symmetric in the updating
processes of stresses and multipliers.
In the classical algorithm there are two sources that are responsible for the non-
symmetry of the stiffness matrix. The first source is due to the non-associativity of friction,
which comes from the fact that the contact stress tN is not fixed, but varies according to the
Kuhn-Tucker conditions and the balance requirements. The second source is the material metric
tensor Mαβ , which varies with deformation according to the coordinate X , which moves over
the target surface. The only differences relative to the classical algorithm, which results in a
non-symmetric matrix, is the substitution of the stress tN in the slip function φ (Eq. (2.68)2) by
the Lagrange multiplier λN fixed in the global solution step. The other change is to maintain
the metric tensor Mαβ fixed during the stresses evolution (2.68)1,2 in the global solution step.
These changes make the resultant stiffness matrix symmetric. The non-symmetry sources were
removed and these changes do not affect the final solution of the problem.
Then, we set a time interval [tn, tn+1] (pseudo-time for quasistatic problems) in
which the multipliers are updated. All terms computed in tn are obtained in the previous con-
verged time step, or an initial estimative in the case of t0, while for tn+1 the terms are computed
in the current time step. The implicit Euler method is applied to integrate the friction law, what
allows us to write Eqs. (2.67), (2.68) and (2.69) of friction evolution as algebraic constraint
equations.
Finally, the steps to integrate the tangential contact constraints can be written as:
1. Initialize the iterations counter of the Augmented Lagrangian method k and the initial
estimative for the multipliers and metric tensor:
k = 0,
λNn+1 = λNn,
λTn+1α = λTnα ,
M(k)αβ = Mαβn.
(2.70)
2. Solve the nonlinear system of equations for u( j)n+1 ( j is the Newton-Rapshon iteration
number), fixing the counter of the Augmented Lagrangian method k, the multipliers λ (k)Nn+1
39
and λ (k)Tn+1α and the metric tensor M
(k)
αβ :
F int
(
u jn+1
)
+Fc
(
u jn+1
)
= Fext
(
u jn+1
)
. (2.71)
In this step, the contact stresses are calculated as
t(k)Nn+1 =
〈
λ (k)Nn+1 + εNg
(k)
Nn+1
〉
,
t(k)Tn+1α = λ
(k)
Tn+1α
+ εT
M(k)αβ
[
ξ¯ (k)n+1β − ξ¯nβ
]
−∆γ t
(k)
Tn+1α[
t(k)Tn+1β
Mβγ(k) t(k)Tn+1γ
]1/2
 ,
φ
(
t(k)Tn+1α ,λ
(k)
Nn+1
)
≤ 0, ∆γ ≥ 0, φ
(
t(k)Tn+1α ,λ
(k)
Nn+1
)
∆γ = 0,
u j+1n+1 = u
j
n+1+∆u,
j ← j+1
(2.72)
This step must be repeated until it reaches convergence under a given precision.
Observe that for t0 (n= 0) the projection coordinate ξ¯
β
0 is obtained when the contactor in-
tegration point gets in contact with the target surface for the first time, while ξ¯ β
(k)
n+1
(
u jn+1
)
depends on the balance condition in the global solution step. For n ̸= 0, the projection
coordinate of the previous converged time step is used.
3. Update the iterations counter of the Augmented Lagrangian method k, the Lagrange mul-
tipliers and the metric tensors:
k← k+1
λ (k+1)Nn+1 =
〈
λ (k)Nn+1 + εNg
(k)
Nn+1
(
uin+1
)〉
,
M(k+1)αβ =
(
T(k+1)α ·T(k+1)β
)
,
λ (k+1)Tn+1α = λ
(k)
Tn+1α
+ εT
M(k+1)αβ
[
ξ¯ β
(k)
n+1 − ξ¯ βn
]
−∆γλ
λ (k+1)Tn+1α[
λ (k+1)Tn+1β
Mβγ(k+1)λ (k+1)Tn+1γ
]1/2
 ,
φ
(
λ (k+1)Tn+1α ,λ
(k+1)
Nn+1
)
≤ 0, ∆γλ ≥ 0, φ
(
λ (k+1)Tn+1α ,λ
(k+1)
Nn+1
)
∆γλ = 0.
(2.73)
4. Return to the global solution step.
Here, we presented a general explanation of the Euler integration scheme. Step 2
is performed inside the contact element assembly (Algorithm 2) and step 3 inside the global
solution step (Algorithm 3 for static problems and Algorithm 5 for dynamic problems). Steps 2
and 4 are repeated until all the contact constraints are satisfied with a certain tolerance and until
it reaches values such that λ (k)Nn+1 ≈ t
(k)
Nn+1 and λ
(k)
Tn+1α
≈ t(k)Tn+1α . We assume the Lagrange multiplier
tolerance is
λerror =
1
Np
∥∥∥λ k+1−λ k∥∥∥∥∥∥λ k+1∥∥∥ < tolλ , (2.74)
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where Np is the total number of contact integration points and the vector λ is defined as
λT = {λN ,λT1 ,λT2} . (2.75)
For the next time step tn+1, these values are initial estimates for the multipliers λNn
and λTnα . We assume that the contact is frictionless in the first iteration j of the solution step
(Step 2) for each integration point that initializes a time step without contact (λNn = 0).
The update of the contact stresses is done during the application of the strategy
known in the literature as trial state algorithm. From Eqs. (2.72), we have:
Trial State:
t(k)Nn+1 =
〈
λ (k)Nn+1 + εNg
(k)
Nn+1
〉
,
t(k)
trial
Tn+1α
= λ (k)Tn+1α + εT M
(k)
αβ
[
ξ¯ β
(k)
n+1 − ξ¯ βn
]
,
φ (k)
trial
n+1
(
t(k)Tn+1α ,λ
(k)
Nn+1
)
=
[
t(k)
trial
Tn+1α
Mαβ
(k)
t(k)
trial
Tn+1β
]1/2
−µλ (k)Nn+1,
(2.76)
Return map:
t(k)Tn+1α =

t(k)
trial
Tn+1α
if φ (k)
trial
n+1
(
t(k)Tn+1α ,λ
(k)
Nn+1
)
≤ 0(stick)
µλ (k)Nn+1
t(k)
trial
Tn+1α[
t(k)
trial
Tn+1α
Mαβ (k) t(k)
trial
Tn+1β
]1/2 if φ (k)trialn+1
(
t(k)Tn+1α ,λ
(k)
Nn+1
)
> 0(slip)
(2.77)
We proceed in an analogous way with Eq. (2.73) for the update of the Lagrangian
multipliers and normal penalty parameters
Trial State:
λ (k+1)Nn+1 = t
(k)
Nn+1,
λ (k+1)
trial
Tn+1α
= λ (k)Tn+1α + εT M
(k)
αβ
[
ξ¯ β
(k)
n+1 − ξ¯ βn
]
,
φ (k+1)
trial
n+1
(
λ (k+1)Tn+1α ,λ
(k+1)
Nn+1
)
=
[
λ (k+1)
trial
Tn+1α
Mαβ
(k)λ (k+1)
trial
Tn+1β
]1/2
−µλ (k+1)Nn+1 ,
εk+1N = ε
k
N + k∆εN ,
(2.78)
Return map:
λ (k+1)Tn+1α =

λ (k+1)
trial
Tn+1α
if φ (k+1)
trial
n+1
(
λ (k+1)Tn+1α ,λ
(k+1)
Nn+1
)
≤ 0(stick)
µλ (k+1)Nn+1
λ (k+1)
trial
Tn+1α[
λ (k+1)
trial
Tn+1α
Mαβ (k)λ (k+1)
trial
Tn+1β
]1/2 if φ (k+1)trialn+1
(
λ (k+1)Tn+1α ,λ
(k+1)
Nn+1
)
> 0(slip)
(2.79)
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Another important term is the linearization of the tangential contact tension ttrialTn+1α
defined as
∆ttrialTn+1α =

εT
{
Mαβ∆ξ¯β +
[
Γ(2)c,αγ ·Tβ +Γ(2)c,βγ ·Tα
]
∆ξ¯γ
(
ξ¯ βn+1− ξ¯ βn
)}
(stick)
µεNH (gN)piTα∆gN +
µtNn+1∥∥∥ttrialTn+1∥∥∥∆t
trial
Tn+1β
[
δβα −piβT piTα
]
+µtNn+1piT ·Γ(2)c,βγ
(
ξ¯
)
∆ξ¯γpi
β
T piTα (slip)
. (2.80)
2.6 Contact penalty parameter
A too large penalty parameter can lead to ill-conditioning of the system of equation.
Ill-conditioning can be so bad that it affects the direct solver, but it is even worse when the
solution of the incremental equation system is performed by an iterative solution method, the
condition number of the tangent matrix might change drastically during the solution process
[2].
One estimative for the penalty parameter was reported in [2], which relies on an
error analysis taking into account roundoff errors as well as errors due to the penalty method.
There were considered three sources of problems to build an efficient choice for penalty param-
eters.
The first is the ill-conditioning generated by large penalty parameters. The second
is the error due to large perturbation in the system of equations that results from a small penalty
parameter. This is due to the fact that the solution obtained by the penalty method is only exact
in the limit εN → ∞. The third is due to the loss of information when a large quantity is added
to a small one in the computer. For example, there is a large penetration penalized by εN . The
analysis leaded to the simple formula for finite element discretizations of continuum problems
[2]
εN ≤ kmin√Ndo f s · r , (2.81)
where Ndo f s is the number of degrees of freedom, kmin is the smallest stiffness coefficient in the
tangent matrix which is modified by εN , and r represents the roundoff error which is ≈ 10−17
for double precision analysis. For problems simulated with Augmented Lagrangian method, we
take the advantage of being able to use low penalty parameters. Therefore, we always choose
penalty parameters as εN ≤ kmin/100
√
Ndo f s · r.
2.7 Linearization of the contact contributions
To solve a non-linear system of equations associated to the the weak form of the
proposed problem, the linearization of the contact contributions is necessary. In general, the
virtual work done by the contact force can be written as
Cc =
∫
Γc
cNdΓ+
∫
Γc
cT dΓ, (2.82)
42
Regardless of the method that will be used to solve the restricted problem, the terms
cN and cT can be written as [50]
cN = tNδgN ,
cT = tT ·δgT = tTαδξα . (2.83)
The linearization of cN can be obtained from the relation
∂cN
∂u
∆u=
∂cN
∂ tN
∆tN +
∂cN
∂δgN
∆δgN . (2.84)
Deriving each term separately, we have
∂cN
∂ tN
= δgN and
∂cN
∂δgN
= tN . (2.85)
Substituting the previous relations in Eq. (2.84), we have
∂cN
∂u
∆u= δgN∆tN + tN∆δgN . (2.86)
The linearization of cT can be obtained from the relation
∂cT
∂u
∆u=
∂cT
∂ tTα
∆tTα +
∂cT
∂δξα
∆δξα . (2.87)
Deriving each term separately, we have
∂cT
∂ tTα
= δξα and
∂cT
∂δξα
= tTα . (2.88)
Substituting the previous relations in Eq. (2.87), we have
∂cN
∂u
∆u= δξα∆tTα + tTα∆δξα . (2.89)
The final form for the linearization of the contact virtual work is
∆Cc =
∫
Γc
(δgN∆tN + tN∆δgN +δξα∆tTα + tTα∆δξα)dΓ. (2.90)
We observe that it is necessary to compute the linearizations of the terms ∆tN , ∆gN ,
∆δgN , ∆tTα and ∆δξα . All the mathematical details to obtain these terms can be seen in the
references [87, 50]. In the present work, we only define them as
∆gN = ν ·
[
∆u2−∆u1] , (2.91)
∆(δgN) = gN
[
ν ·η1,γ + kαγδ ξ¯α
]
mγβ
[
ν ·∆u1,β + kαβδ ξ¯α
]
+δ ξ¯βν ·
[
∆u1,β +∆ξ¯βν ·η1,β
]
+ kαβδ ξ¯α∆ξ¯α . (2.92)
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In the previous equations, ∆uα is the increment in xα = Xα +uα , and ∆ξ¯β is the
increment in ξ defined as
∆ξ¯β = Aαβ
[(
∆u2−∆u1) · τα −gNν ·∆u1,α] . (2.93)
For the term ∆(tNδgN)
∆(tNδgN) = ∆(tN)δgN + tN∆(δgN)
= H (gN)εNδgN∆gN + tN
{[
ν ·η1,γ + kαγδ ξ¯α
]
mγβ
[
ν ·∆u1,β + kαβδ ξ¯α
]
+δ ξ¯βν ·
[
∆u1,β +∆ξ¯βν ·η1,β
]
+ kαβδ ξ¯α∆ξ¯α
}
, (2.94)
where H (gN) is the Heaviside function, which is equal to 1 if gN ≥ 0 and 0 if gN < 0.
For the term ∆
(
δ ξ¯β
)
∆
(
δ ξ¯β
)
= Aαβ
{
−τα ·η1,β∆ξ¯β − τα ·∆u1,βδ ξ¯β −
[
τα ·x1,βγ +gNν ·x1,αβγ
]
δ ξ¯β∆ξ¯γ
−δ ξ¯β τβ ·
[
∆u1,α +x
1
,αγ∆ξ¯γ
]
−∆ξ¯β τβ ·
[
η1,α +x
1
,αγδ ξ¯γ
]
−gNν ·
[
η1,αβ∆ξ¯β +∆u
1
,αβδ ξ¯β
]
+
[
η2−η1] ·[∆u1,α +x1,αγ∆ξ¯γ]
+
[
∆u2−∆u1] ·[η1,α +x1,αγδ ξ¯γ]} . (2.95)
44
3 CONTACT DISCRETIZATION
The hp-FEM is used to discretize the domain terms and also the contact interfaces
using a finite number of contact elements. This method transforms the integral equations result-
ing from the variational formulation in algebraic equations. The contact elements are built from
entities of the two contact surfaces, such as nodes and edges. Each element has its own dis-
placement and residual vectors and tangent matrix, which determine the transfer of the contact
forces between the surfaces.
Basically, three types of contact element are found in the literature: node-to-node
(NTN), node-to-segment (NTS) and segment-to-segment (STS) contact elements. The NTN
contact elements (Fig. 3.1) can be applied only to small deformation problems. We have to
apply NTS or STS contact elements to solve problems involving large deformation and sliding
effects.
t
t
Contactor
Target
ν
Fig. 3.1 – Node-to-node contact element representation.
In NTS contact elements, the contact restrictions are applied on the nodes of the
finite elements [41], likewise as in the NTN, however the target is a segment (see Fig. 3.2). Al-
though still widely used, this formulation has some disadvantages concerning the robustness in
certain applications. For instance, in patch tests with non-conforming meshes, the NTS contact
element transmits incorrectly contact stresses through the contact interfaces.
In recent years, attention has been focused on the development of the STS contact
elements [78] (Fig. 3.3). This formulation is currently coupled with the mortar domain decom-
position method [85] and widely used to solve two- and three-dimensional structural contact
problems [70, 69, 94, 93, 62, 25].
In the follow, we proceed with a brief overview of the hp-FEM main features used to
discretize the domain elements. After that, we present the high-order contact element proposed
in [25] and extended here to three-dimensional problems with Augmented Lagrangian method.
We also consider the assembly of the contact elements and the frictional contact discretization.
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Fig. 3.2 – Node-to-segment contact element representation.
contactor
target
νν
Fig. 3.3 – Segment-to-segment contact element representation.
3.1 The hp-FEM main features
In this section, we present a brief overview of the hp-FEM used to discretize the
domain terms. For a detailed overview about the theory of the hp-FEM see [44, 15, 23].
The finite element method (FEM) [7] provides a strategy for defining trial/test ap-
proximations for the displacement field presented in the weak form of the boundary value prob-
lem. Using the FEM, the complete virtual work equation can be computed by the contributions
of each of the elements of the discretization mesh. For instance, considering for the sake of sim-
plicity the static linear elastic model, the internal virtual work restricted to one typical element,
can be written as follows:
δuT
(∫
Ωe
BTDBdΩe
)
u= δuTKeu, (3.1)
where u and δu are, respectively, real and virtual nodal displacement vectors, while B is the
matrix relating strain components to nodal displacement derivatives, and D the matrix repre-
senting the elastic constitutive stiffness tensor. As pointed out in the above relation, the integral
computed in each element domain Ωe gives rise to the element stiffness matrix Ke. An anal-
ogous concept is applied to the external virtual work, then leading to the element nodal force
vector fe.
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In the hp-FEM, the displacement field and coordinates can be interpolated similarly
to the standard FEM as
ue(ξ ) =
Nne
∑
i=1
Ni(ξ )ui, (3.2)
where Nne is the number of nodes per element.
In the present work, the shape functions Ni(ξ ) are obtained from the Lagrange poly-
nomials for any interpolation order P given in terms of the local coordinate ξ .
The Lagrange polynomials of degree P, h(P)i (ξ ), are used as the polynomial basis for
the construction of one-dimensional nodal interpolation functions N(P)i (ξ ). These polynomials
are defined in the standard element Ωst = {ξ |−1≤ ξ ≤ 1} as [44]
N(P)i (ξ ) = ϕ
(P)
i (ξ ) =
∏Nnej=1, j ̸=i
(
ξ −ξ j
)
∏Nnej=1, j ̸=i
(
ξi−ξ j
) , i, j = 1, · · · , Nne, (3.3)
where Nne = P+1 is the number of nodes of the finite element. One shape function is associated
with each element node.
3.2 1D matrix procedure
The shape functions for quadrilaterals and hexahedrons are obtained using the ten-
sor product of the previous one-dimensional functions respectively in the local coordinate sys-
tems ξ1×ξ2 and ξ1×ξ2×ξ3 [74, 23]
Ni (ξ1,ξ2) = ϕp (ξ1)ϕq (ξ2) (0≤ p,q≤ P) , (3.4)
Ni (ξ1,ξ2,ξ3) = ϕp (ξ1)ϕq (ξ2)ϕr (ξ3) (0≤ p,q,r ≤ P) , (3.5)
where p, q and r are tensor product indices associated with the topological entities of the el-
ement; P the polynomial order in directions ξ1, ξ2 and ξ3; i = 1, ..., (P+ 1)2 for squares and
i = 1, ..., (P+1)3 for hexahedra.
An important aspect to achieve CPU performance and reduce memory requirements
is to take advantage of the tensor product nature of the shape functions and integration points.
Therefore, we use only the values of the shape functions calculated on the coordinates of one-
dimensional integration points when calculating higher dimensional operators. This feature will
be illustrated for the tangent stiffness matrix of quadrilaterals for non-linear elastic problems.
In Einstein’s notation, the tangent stiffness matrix in a total Lagrangian formulation
for a given two-dimensional element is given by:
KeT (i, j) =
1
4
Dim
∑
p,q,k,l=1
∫
Ωe
Cpqkl
[
Ns,pNt,kFiqFjl +Ns,pNt,lFiqFjk
+Ns,qNt,kFipFjl +Ns,qNt,lFipFjk
]
dΩe+δi j
2
∑
p,q=1
∫
Ωe
SpqNs,pNt,qdΩe, (3.6)
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with Dim = 2, i, j = 1,2 and s, t = 1, ...,(P+ 1)2 for quadrilaterals. For hexahedra Dim = 3,
i, j = 1,2,3 and s, t = 1, ...,(P+ 1)3. P is the polynomial order elements. The terms Ns,p and
Nt,p are the global derivatives of the shape functions in terms of the initial coordinates X. The
term F is the deformation gradient tensor, Cpqkl is the fourth-order constitutive tensor and Spq
is the second Piola-Kirchhoff stress tensor. Therefore, the implementation of the tangent matrix
consists on expanding the above expression after the substitution of Eq. (3.4) and its partial
derivatives. The computation of the global derivatives is performed in the same way as the stiff-
ness matrix for linear problems, where the terms involving the one-dimensional mass, stiffness
and combined matrices arise [74]. The internal force vector is given by
F inte (i) =−
1
2
Dim
∑
k,l=1
∫
Ωe
Skl
(
Ns,kFil +FikNs,l
)
dΩe. (3.7)
Although the representation in Einstein’s notation is more compact, to derive the
tangent matrix we started with the conventional matrix product given by:
KeT =
∫
Ωe
[BL,s] [D] [BL,t ]dΩe+
∫
Ωe
[Bσ ,s] [T] [Bσ ,t ]dΩe, (3.8)
with [D] being the constitutive matrix in Voigt notation, BL,s and BL,t are nonlinear strain-
displacement transformation matrices, Bσ ,s and Bσ ,t are linear strain-displacement transforma-
tion matrices and [T] = S⊗S [7, 23]. The term for quadrilateral elements of the tangent stiffness
for i = j = 1 after some algebraic manipulation is given by [74]
KeT (1,1) = [C1111F11F11+2C1112F11F12+C1212F12F12]Ns,1Nt,1
+ [C1212F11F11+2C1222F11F12+C1212F12F12]Ns,2Nt,2 (3.9)
+ [C1112F11F11+(C1122+C1212)F11F12+C1222F12F12] (Ns,1Nt,2+Ns,2Nt,1) .
A final expression in terms of the one-dimensional mass, stiffness and combined
matrices can be obtained by replacing the global derivatives in the above equation. However,
we did not derive these expressions due to excessive size.
The tangent stiffness matrix and internal force vector for hexahedrical elements is
given by
KeT (i, j) =
1
4
3
∑
p,q,k,l=1
∫
Ωe
Cpqkl
[
Ns,pNt,kFiqFjl +Ns,pNt,lFiqFjk
+Ns,qNt,kFipFjl +Ns,qNt,lFipFjk
]
dΩe+δi j
3
∑
p,q=1
∫
Ωe
SpqNs,pNt,qdΩe. (3.10)
This procedure is labeled 1D matrices and more details may be found in [74]. The
1D explicit expressions for hexahedra are not shown because of excessive size. This procedure
promotes an speed-up of approximate 2 in the solution of dynamic problems for the entire range
of polynomial degrees used [74].
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3.3 Determination of the mortar-based surface
The contact surfaces can be discretized by non-conforming meshes with different
number of segments such that
Γnmc ≈
ns⋃
i=1
Γnmci and Γ
m
c ≈
nm⋃
j=1
Γmc j . (3.11)
In the previous equations ns and nm indicate the number of segments discretizing
the non-mortar and mortar surfaces, respectively (see Fig. 3.4). A common contact interface is
usually considered and defined here as Γhc = Γnmc . The non-mortar (slave) and mortar (master)
surfaces are associated to the edges (or surfaces in three-dimensional) of the elements in contact,
as illustrated in Fig. 3.4. In this example, the finite element 1 is the contactor and elements 2
and 3 are the targets. The number of mortar-based contact elements is defined by the number
of non-mortar segments Γnmc . Therefore, in the considered example, we have one mortar-based
contact element constituted of one non-mortar segment Γnmc and two mortar segments Γmc .
surface
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non−mortar
ξ
mortar
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ξ ξ ξ1 2 3
pξ1 −1
ζp 1−11
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Fig. 3.4 – Determination of the mortar-based contact element.
The current coordinates can be interpolated for each surface Γnmc and Γmc using (2.8),
respectively,
xnm(ζ ) =
Nns
∑
i=1
Nnmi (ζ )(X
nm
i +u
nm
i ) , (3.12)
xm(ξ ) =
Nns
∑
i=1
Nmi (ξ )(X
m
i +u
m
i ) , (3.13)
where Nns is the number of nodes per segment. The nodes of the domain elements are used for
the discretization of the contact element. In Fig. 3.4, linear interpolation was used with Nns = 2.
The shape functions Nnmi and N
m
i are Lagrange polynomials of any interpolation
order. The local coordinates are ζ ,ξ ∈ [−1,1] for the non-mortar and mortar surfaces, respec-
tively.
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The points ξp are projections of the non-mortar points ζp to the mortar surface
obtained by solving the minimum distance problem given in (2.12). An algorithm to compute
the projection points ξp is presented in [25]. The projections of the integration points ζp of
a single non-mortar surface may be in different mortar surfaces, as can be seen in Fig. 3.4.
Therefore, although the example has only one mortar-based contact element, it has projections
in two distinct target surfaces.
The projections on different target surfaces also imply in discontinuity of the normal
vector and, consequently, of the gap function. The strategy of average normal presented in
Section 2.2.1 is used here to minimize this effect.
Given the above definitions, we can integrate numerically the virtual work expres-
sions (according to each virtual work expressions - Eqs. (2.56), (2.60) or (2.62) and (2.65)) in all
contact segments ns of the non-mortar surface Γnmc , using the Gauss-Legendre quadrature [44].
The following sections present the discretization process for the frictional contact element.
3.3.1 Contact surface orientation
The concept of incidence provides a very important role in contact problems once
the signal conventions depend strongly on it. If the incidence provided by the mesh generator is
not consistent with the signal conventions adopted, the formulation will generate an inconsistent
system of equations. As an example, we have the gap function and all terms that depend on it
are extremely affected by the signal convention gN ≤ 0. Another important signal convention is
for the contact normal direction. Here, we adopted a normal outward the target surface (inside
the contact surface Fig. 2.2).
In two-dimensional contact problems, it is a simple task to verify if the incidence
is consistent. In our case, the quadrilateral elements must have anticlockwise incidence orienta-
tion. In other words, the normal on the face of the quadrilateral element is outward to the plane
of analysis (see Fig. 3.5).
However, we have to be careful in three-dimensional cases. In Fig. 3.6, we represent
our standard hexahedral element. In the table, we have the local node numbers in blue and the
respective local face incidences in red. As it can be seen, we have six local faces labelled F0, F1,
F2, F3, F4 and F5 in local hexahedral element. In the element convention adopted, the faces F0,
F1 and F4 have incidences in such way that their normals are inward the element, while faces
F2, F3 and F5 have normals outward the element.
We have a consistent contact incidence when our contact surfaces are F0, F1 or F4
element faces, and our target surfaces are F2, F3 or F5 element faces. In this way, our computed
normal ν will be inward the contactor element and outward the target element, as we can see
in Fig. 3.7 left. In cases where contact surfaces are the faces F2, F3 or F5, or the target surfaces
are the faces F0, F1 or F4, we will have an inconsistent contact incidence and, consequently, it
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Fig. 3.5 – Quadrilateral face orientation in two-dimensional problems.
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Fig. 3.6 – Hexaedral face orientations in three-dimensional problems with element incidence
4−1−5−7−2−0−3−6.
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Fig. 3.7 – Local contact surface orientation in three-dimensional problems.
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Fig. 3.8 – Target surface rotation.
will generate an inconsistent system of equations (Fig. 3.7 right). In these last cases, we have to
change the local face incidence from 0−1−2−3 to 0−3−2−1 for the contact elements.
Nevertheless, these observations are only addressed to the contact connectivity prob-
lem since the connectivity of the domain element in the finite element code is already consistent
with the standard hexahedral in Fig. 3.6. Keeping this in mind, only the contact incidences are
changed.
After we correct all surfaces that have wrong contact incidences (rotational orien-
tation), we check if all contact and target surfaces have the same spatial orientation (see Fig.
3.8). Here we make all local contact and target nodes 0 be closer to the origin of the global
coordinate system. Unlike the previous case, this situation does not affect the solution of the
problem. However, the procedure ensures that the components of the local tangent stresses in
distinct elements are in the same global direction favouring the post-processing. The example
in Fig. 3.8 shows a situation where the local node 0 of the surface S2 is the closest to the ori-
gin of the global system, but in the surface S1 the node 2 is the closest to the origin. Then we
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rotate face S1 in order to have node 0 closest to the origin. Once again, these modifications are
only applied to the contact incidences. This orientation procedure based on the origin position
eliminates the exhaustive search for all possible orientation configuration cases.
Finally, it should be pointed out that these orientations are corrected and adjusted
automatically in our contact routines.
3.4 Mortar-based contact element
In the present work, we focus our attention to built the discretized contact virtual
work with the Augmented Lagrangian method. In Appendix A, we presented the discretized
expressions for the contact force vector and stiffness matrix for the penalty and Lagrange meth-
ods considering high-order contact elements [25]. We also present a two-dimensional friction-
less problem. In the case of frictional contact, we integrate the terms of the virtual work and
linearized virtual work expressions on the non-mortar surface of each element as
Cce =
nsel
∑
e=1
np
∑
p=1
[
tN
(
ζ p
)
δgN
(
ζ p
)
+ tTα
(
ζ p
)
δξα
(
ζ p
)]
||τnm0p ||wp, (3.14)
=
nsel
∑
e=1
np
∑
p=1
[
η p · f cp
] ||τnm0p ||wp,
∆Cce =
nsel
∑
e=1
np
∑
p=1
[
δgN
(
ζ p
)
∆tN
(
ζ p
)
+ tN
(
ζ p
)
∆δgN
(
ζ p
)
+δξα
(
ζ p
)
∆tTα + tTα
(
ζ p
)
∆δξα
(
ζ p
)]
||τnm0p ||wp, (3.15)
=
nsel
∑
e=1
np
∑
p=1
[
η p · kcp∆up
] ||τnm0p ||wp.
f c is the local contact force vector, kc is the local contact stiffness matrix and the vector ∆up is
the nodal increments of displacements given by
∆up =
(
∆unmT1 , · · · ,∆unm
T
Nns ,∆u
mT
1 , · · · ,∆um
T
Nns
)
. (3.16)
The discrete contact virtual work and stiffness matrix are thus equal to the sums of individual
quadrature point contributions. The global contact force vector Fc can be obtained using the
finite element assembly operator
Fc =
nsel ·np
A
p=1
f cp ||τnm0p ||wp, (3.17)
and the global contact stiffness matrix Kc is
Kc =
nsel ·np
A
p=1
kcp ||τnm0p ||wp. (3.18)
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We define the matrix terms that must be evaluated in ζ p and ξ p. Thus, for normal
penetration (normal gap)
gNp = [x
nm(ζ p)−xm(ξ p)] ·ν(ξ p) = wTpBpν . (3.19)
The matrices Bp and the vector wp are defined as
Bp =

Nnm1 (ζ p)1
...
NnmNns(ζ p)1
−Nm1 (ξ p)1
...
−NmNns(ξ p)1

, (3.20)
wTp =
(
xnmT1 , · · · ,xnm
T
Nns ,x
mT
1 , · · · ,xm
T
Nns
)
, (3.21)
where 1 is the (2×2) identity matrix for two-dimensional problems and (3×3) for three-
dimentional problems. Vector wp is formed by the current nodal coordinates of the contactor
and of the target under analysis.
The normal vector ν needs to be evaluated in ξp using the tangent vector τα given
by
τα = BTp,αwp. (3.22)
Therefore,
ν =
τ1× τ2
||τ1× τ2|| . (3.23)
For the two-dimensional case, the previous equations can be summarized as
τ1 = BTp,ξwp, (3.24)
ν =
e3× τ1
||e3× τ1|| , (3.25)
where e3 is the unit vector perpendicular to the plane of analysis.
The matrix Bp,α is defined as
Bp,α =

0(Dim*Nns×2)
Nm1,α(ξ p)1
...
NmNns,α(ξ p)1
 . (3.26)
54
For the calculation of the tangent vector τnm0p , defined on ζ p, and the curvature vector
of the target surface cmp, defined on ξ p, it is necessary to define the derivatives B
ζ
p,α and Bp,αβ
derived from the matrix Bp and the material coordinates, respectively, as
Bζp,α =

Nm1,α(ζ p)1
...
NmNns,α(ζ p)1
0(Dim*Nns×2)
 , (3.27)
Bp,αβ =

0(Dim*Nns×2)
Nm1,αβ (ξ p)1
...
NmNns,αβ (ξ p)1
 , (3.28)
WTp =
(
XnmT1 , · · · ,Xnm
T
Nns ,X
mT
1 , · · · ,Xm
T
Nns
)
. (3.29)
We define the vectors τnm0p and cmp, respectively, as
τnm0p = B
ζT
p,αWp, (3.30)
cmp = BTp,αβwp. (3.31)
To evaluate the Eq. (3.15), it is also necessary to define the variation of the normal
penetration δgNp as
δgNp = η
T
pBpν . (3.32)
The following vectors are additional definitions necessary to the building of the
local contact force vector f c and the local contact stiffness matrix kc:
N = Bpν , (3.33)
Tα = Bpτα , (3.34)
Nα =−Bp,αν . (3.35)
From them, we have
D1 =
1
det [A]
[A22 (T 1+gNN1)−A12 (T 2+gNN2)] , (3.36)
D2 =
1
det [A]
[A11 (T 2+gNN2)−A12 (T 1+gNN1)] , (3.37)
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where matrix A is obtained from Eq. (2.40).
We also define
N¯1 = N1− k12D2, (3.38)
N¯2 = N2− k12D1. (3.39)
With these definitions, we can write the contact force vector f c of Eq. (3.15) as [50]
f c =−tNN+ tT1D1+ tT2D2, (3.40)
where tN and tTα are computed according to the Eqs. (2.76) and (2.77). The signals in Eq. (3.40)
are consistent with Eq. (2.54).
We split the local contact stiffness matrix kc in terms of the normal and tangential
contributions as
kc = kcN + k
c
T (3.41)
The normal part results in [50]
kcN = εNH
(
λ (k)N + εNgN
)
NNT (3.42)
+tN
{
gN
[
m11N¯1N¯
T
1 +m
12
(
N¯1N¯
T
2 + N¯2N¯
T
1
)
+m22N¯2N¯
T
2
]
−D1NT1 −D2NT2 −N1DT1 −N2DT2 +
(
ν ·BTp,12wp
)(
D1DT2 +D2D
T
1
)}
.
For the tangential contribution, we define the following auxiliary vectors:
Tαβ =−Bp,β τα , (3.43)
Nαβ =−Bp,αβν , (3.44)
Pα =−Bp,α pT , (3.45)
piT =
ttrialTn+1∥∥∥ttrialTn+1∥∥∥ . (3.46)
The following vectors are defined based on the previous ones:
T¯α1 = Tα1−
(
x1,12 · τα
)
D2, (3.47)
T¯α2 = Tα2−
(
x1,12 · τα
)
D1, (3.48)
P¯1 = P1−
(
x1,12 ·piT
)
D2, (3.49)
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P¯2 = P2−
(
x1,12 ·piT
)
D1. (3.50)
The tangential part kcT of the contact stiffness matrix is then split in two contribu-
tions
kcT = k
cstick/slip
T + tTαA
αβ kcTβ , (3.51)
where kcTβ is defined as [50]
kcTα = TαβD
T
β +DβT
T
αβ −
(
x1,βγ · τα
)
DβD
T
γ + T¯ βαD
T
β +Dβ T¯
T
βα (3.52)
+gN
(
NαβD
T
β +DβN
T
αβ
)
−NN¯Tα −T βmβγ T¯ Tγα − N¯αNT − T¯ TγαmβγT Tβ .
The matrix kc
stick/slip
T changes in case of adhesion (stick) or slipping (slip). In case of
stick, we have
kc
stick
T = εT M
(k)
αβDαD
T
β , (3.53)
while for slip, we have
kc
slip
T =
εTµtN∥∥∥∥t(k)trialTn+1α
∥∥∥∥
[
δβα −piβT piTα
]{
M(k)βγ DαD
T
γ
}
. (3.54)
The matrices kcTα , k
cstick
T and k
cslip
T (Eqs. (3.53), (3.53) and (3.54)) are detailed in
Appendix B.
3.4.1 Two-dimensional matrix expressions
Analogously to the previous expressions, the vectors that follow are definitions re-
quired to construct the local contact force vector f c and stiffness matrix kc:
N = Bpν , (3.55)
T = Bpτ1, (3.56)
N1 =−Bp,1ν . (3.57)
Thus, we can define
D1 =
1
m11+gNk11
[T +gNN1] (3.58)
and
N¯1 = N1− k11D1. (3.59)
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Now we can write the contact force vector f c (Eq. 3.15) as [50]
f c =−tNN+ tT1D1. (3.60)
The normal contribution kcN results in [50]
kcN = εNH
(
λ (k)N + εNgN
)
NNT + tN
(
gN
m11
N¯1N¯
T
1 −D1NT1 −N1DT1 + k11D1DT1
)
. (3.61)
We define some auxiliary vectors for the tangential contribution as follow
T 1 = Bp,1τ1, (3.62)
N11 =−Bp,11ν , (3.63)
T¯ 1 = T 1−
(
τ1 ·x1,11
)
D1. (3.64)
For two-dimensional case, the matrix kcTβ is defined as [50]
kcT = k
cstick/slip
T +
tT1
m11+gNk11
[
2
(
T 1DT1 +D1T
T
1
)− (3τ1 ·x1,11+gNν ·x1,111)D1DT1
+gN
(
N11DT1 +D1N
T
11
)−NN¯T1 − N¯1NT − 1m11
(
T T¯ T1 + T¯ 1T
T
)]
. (3.65)
Again, the matrix kc
stick/slip
T changes in case of adhesion (stick) or slipping (slip). For
stick, we have
kc
stick
T = εT
(
M11+2g1T T1,1 ·T1
)
D1DT1 , (3.66)
while for slip, we have
kc
slip
T = µλ
(k)
N pi
1
T (T ·T1,1)D1DT1 . (3.67)
3.4.2 Contact element activation strategy
The activation strategies of contact elements were originally developed for the La-
grange multiplier method and later applied to the penalty method [31].
The strategy adopted in the present work is very simple and consists in evaluating
the gap function gNp at each integration point. If gNp ≤ 0, there is no contact stress, tNp = 0, the
KKT conditions are satisfied for this integration point and we turn off this contact integration
point. On the other hand, if gNp > 0, the contact integration point is activated.
Now we can write an average gap inside each element as
gAveNe =
∫
Γnme g
+
N dΓe∫
Γnme dΓe
=
∑npp=1
〈
wTpBpν
〉+∥∥∥τnm0p∥∥∥wp
∑npp=1
∥∥∥τnm0p∥∥∥wp . (3.68)
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We verify the penetration condition to compute the integration of the contact force
and stiffness in each integration point. But to satisfy the KKT conditions in a global problem,
we apply the condition given in Eq. (3.68).
The number of integration points per contact element increases with as np = (P+1)
for two-dimensional problems and np = (P+1)
2 for three-dimensional problems. If we verify
the KKT condition in each integration point, we will turn the problem harder to converge as we
increase the interpolation order. Therefore, to avoid this problem, we use Eq. (3.68) to satisfy
the KKT condition in a weak sense in each contact element, gAveNe ≤ 0≈ gAveNe ≤ tolgN .
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4 MAPPING OF CURVED SURFACES USING NURBS
The use of straight sides elements works well for geometric mapping when the
surface to be discretized has a small curvature. If the surface is arbitrarily curved, like in the
Hertz problem [36], the use of straight elements can produce oscillations in the contact forces,
non-realistic jumps in contact tensions and even convergence loss.
edge node
discretized y position
real y position
edge node
y
x
Fig. 4.1 – Cylindrical surface discretization.
In our previous work [23], a simple mapping procedure was used for the contact re-
gion nodes. We calculated the coordinates y of all contact surface nodes using the circumference
equation φ ∈ [−pi2 ,0] given the x coordinate of each node (see Fig. 4.1).
To show the importance of the use of an appropriate contact geometric mapping,
Fig. 4.2 shows the normal contact stress calculated on the integration points for the Hertz prob-
lem. The contact stress field is significantly affected by the contact surface mapping. For straight
side elements only the vertex nodes are on the circumference, making the edges nodes to have y
discretized coordinates with values higher than the exact ones (Fig. 4.1), and consequently fur-
ther from the contact target. That makes all global y coordinates of the integration points also
far from the target, once they are obtained from the nodal coordinates by interpolation. On these
coordinates, the stress to satisfy the non-penetration condition is lower than the real situation,
because in this case the coordinates would be closer to the target. Therefore, for the equilibrium
the integration points closer to the vertices tend to support the higher contact stresses than the
inner integration points, affecting in this way all the stress field.
For this case analysed in [23], the contact surface is a circumference. For an arbi-
trarily curved surface, it is necessary to apply a general surfaces mapping using, for example,
Non-Uniform Rational B-Splines (NURBS) [79]. In the present paper, we used NURBS sur-
faces for the geometric boundary mapping in two- and three-dimensional domains [75].
Recent papers show that the contact surface mapping using NURBS promotes an
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Fig. 4.2 – Comparison for contact stresses for straight element and curved mapping element
[25].
increase of the robustness and reliability of the contact algorithms, avoiding discontinuities
induced by the space discretization [79, 53, 81, 54]. It is also observed an increase in the ability
to locate the real surface in a more precisely way and to control stress osculations in the contact.
NURBS are considered as one of the most general description of parametric curves
and surfaces for arbitrary boundary complex geometry and also for simple geometric shapes
[22]. Rational B-splines curves and surfaces can also be used to generate nonrational B-splines
(uniform, opened and non-uniform) curves and surfaces. For these reasons, NURBS are highly
applied in the main CAD software.
The first paper about rational B-splines was published by Versprille [84] followed
by [83, 66]. These papers formed the basis for the creation of methodology [75]. NURBS sur-
faces have been used as standard parametric surfaces in the IGES (Initial Graphics Exchange
Specification) format, which is the standard format of information exchange among various
CAD, CAE and CAM systems. We present in the following subsections the formulation for
two- and three-dimensional boundary mapping using NURBS.
4.1 Two-dimensional boundary NURBS mapping
The coordinates X of a point over a rational B-spline curve with q+1 control points
and X i =
{
X i1,X
i
2,X
i
3
}T coordinates are given by
X (r) =
q+1
∑
i=1
X iRi,χ (r) , (4.1)
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Ri,χ (r) =
βiNi,χ (r)
q+1
∑
j=1
β jN j,χ (r)
. (4.2)
The set
{
Ri,χ(r)
}
is the rational B-spline basis and β is the associated weight to each control
point. The weight and physical coordinates of a point belong to a four-dimensional coordinate
space. Expression (4.2) defines the ratio of χ (degree χ−1) order polynomials. The dimension-
less quantity r is the parametric coordinate of the curve.
The B-spline
{
Ni,χ(r)
}
basis can be evaluated by Cox-deBoor recursive formula
[75] {
Ni,1(r) = 1 κi ≤ r ≤ κi+1
Ni,1(r) = 0 other cases
,
Ni,k(r) =
(r−κi)Ni,k−1 (r)
κi+k−1−κi +
(κi+k− r)Ni+1,k−1 (r)
κi+k−κi+1 , k = 2, · · · , χ, (4.3)
where κi are elements of a κ knot vector with q+χ+1 dimension.
The knot vector has to be a rising monotonic series of real numbers. Three kinds
of knot vectors are usually used: periodic (uniform), opened uniform and non-uniform [75].
A periodic knot vector has equally spaced values between 0 and any maximum value with
increments of 1. This kind of vector is used to generate closed curves. Opened uniform vectors
are generated by the rule
κi = 0, 1≤ i≤ χ,
κi = i−χ, χ+1≤ i≤ q+1,
κi = q−χ+2, q+2≤ i≤ q+χ+1. (4.4)
Non-uniform vectors can have unequal spacing values and/or multiple inner values.
Knot vectors are usually normalized in the [0,1] interval.
The non-uniform knot vector is supplied directly from the mesh generator software.
All B-splines rational or non-rational curves can be denominated NURBS, once this is the most
general form of B-splines.
4.2 Three-dimensional boundary NURBS mapping
NURBS surfaces are obtained from the generalization of the previous concepts for
two-parametric coordinates (r,s). A rational B-spline surface is given by
X (r,s) =
q+1
∑
i=1
t+1
∑
j=1
X i jSi j (r,s) , (4.5)
62
Si j (r,s) =
βi jNi,χ (r)M j,ϑ (s)
q+1
∑
k=1
t+1
∑
l=1
βklNk,χ (r)Ml,ϑ (s)
, (4.6)
where X i j represents the vertices of a three-dimensional polygonal web and Si j (r,s) represents
the surface rational basis functions. Nk,χ (r) and Ml,ϑ (s) are B-spline basis functions given
by Cox-deBoor recursive formula in each parametric direction using periodic, opened uniform
or non-uniform knot vectors (Eq. 4.3). We can observe that NURBS surface boundaries are
NURBS curves.
4.3 Mapping procedure with NURBS
In the present work, we use the pre- and post-processing software GID (Geometry
Description - The Personal Pre and Post Processor). From the mesh composed of linear ele-
ments generated in the pre-processor, our base code ((hp)2-FEM) builds the stiffness matrix
and residual vector of the bodies in contact for any interpolation order. For high-order interpo-
lations, the routines adds to the linear (straight) elements, the high-order edge and face nodes
(collocation points). After that, the code calls the implemented routines to build the contact el-
ement with the same interpolation order of the domain element. Once the contact elements are
built, these are added to global system.
For cases where the boundary surfaces are curved, the mesh generator guarantees
only that vertices of the elements will be exactly on the curved surfaces. The edge and face
nodes have discretized material coordinates X (x,y) with values that do not fit the real curvature
(Figura 4.4).
Fig. 4.3 – Geometric and discretized surfaces with finite elements obtained from GID software.
GID can be programmed to export the necessary information for the construction of
the NURBS surfaces - the same information that was used in the construction of the geometry
(details in the right in Fig. 4.3): control points coordinates, knot vectors, weights and NURBS
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interpolation order [75]. The mapping procedure consists in to find each parametric coordinate
of the edges and faces (for three-dimensional cases) that composes the curve or surface (two-
dimensional case illustrated in Fig. 4.4). After that, we can compute the real material coordinate
XN (rx) (Eq. (4.1) or (4.5)) which is under the NURBS given by the mesh generator.
The mapping procedure for two-dimensional case is done as follow:
1. Compute the coordinates of the collocation points ξ = ξi, being i the collocation point on
the edge or face;
2. Compute the material coordinates Xξi (x,y) of each edge or face collocation point, (i = 3
for interpolation order P = 2);
3. Compute the parametric coordinates r1 and r2;
4. Compute the parametric coordinate rx through linear interpolation
rx = (ξe−ξ1)
(
r2− r1
ξ2−ξ1
)
+ r1,
where ξe is the collocation point that we desire to map in the curve; (ξe = ξ3 for the
example illustrated in Fig. 4.4)
5. Compute the matrices Ni,k(rx) and Ri,χ (rx) using the equations (4.3) and (4.2), respec-
tively;
6. With the control points vector X i given by the mesh generator and the rational B-splines
basis matrix Ri,χ (rx), we can find the material coordinate XN (rx) with Eq. (4.1).
The procedure is repeated for each collocation point ξe of all edges or faces that
compose the boundary curve. The Fig. 4.4 shows the details for a case with interpolation order
P = 2. A more general procedure including three-dimensional expressions is presented in Al-
gorithm 6. In contrast to the isogeometric analysis [40], we only use the NURBS to mapping
the boundaries that are curved in the present work.
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edge node without
curved mapping
curved mapping
x
y
Fig. 4.4 – Detail of the mapping scheme for edge nodes.
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5 CONTACT SOLUTION ALGORITHMS
Initially, we present the numerical procedures for obtaining the projection coordi-
nate ξ p. Then, we consider the algorithm for assembly of the contact elements used is used in
the solution of the global system of equations.
After that, we present algorithms for solving static contact problems based on the
Newton’s method and dynamic contact problems based on the Newmark’s method. We also
show an inexact line-search procedure to calculate a step size that controls the descent direc-
tion. This procedure gives more stability for the static and dynamic contact solvers in large
deformation processes.
Then we finish presenting the algorithm for the NURBS mapping procedure.
5.1 Projection coordinates
For each integration point ζ p on the contact surface, it is necessary to obtain its
corresponding projection coordinate ξ p on the target surfaces. This procedure is based on the
minimum distance problem given in Eq. (2.12).
Once we have the discretization of all terms, we can find the orthogonal projection
ξ p from the necessary condition of the minimum the distance function, Eq. (2.12), as
∂
∂ξα
dˆ1 (ξ ) =
{
dpα (ξ )
}
= wTpBp
(
ξ p
)
BTp,α
(
ξ p
)
wp = 0 (5.1)
Thus, we can find the coordinate ξ p through the Newton-Rapshon procedure where
Eq. (5.1) is our residual vector. We linearize Eq. 5.1 in the direction of an increment ∆ξ i, using
the Taylor expansion truncated in the first order term around the trial point ξ i, as
dpα (ξ ) = dpβ
(
ξ i
)
+
∂
∂ξ i
dpα
(
ξ i
)
∆ξ i = 0. (5.2)
The second term (directional derivative) in the previous expression is calculated as
∂
∂ξ i
dpα
(
ξ i
)
∆ξ i =
[
wTpBp,β
(
ξ i
)
BTp,α
(
ξ i
)
wp−wTpBp
(
ξ i
)
BTp,αβ
(
ξ i
)
wp
]
∆ξ i, (5.3)
[
Dpαβ
(
ξ i
)]
= wTpBp,β
(
ξ i
)
BTp,α
(
ξ i
)
wp−wTpBp
(
ξ i
)
BTp,αβ
(
ξ i
)
wp. (5.4)
Eq. (5.4) is our stiffness matrix. Replacing Eqs. (5.1) and (5.3) in (5.2) and after
same manipulation, we have
wTpBp
(
ξ i
)
BTp,β
(
ξ i
)
wp+ (5.5)[
wTpBp,β
(
ξ i
)
BTp,α
(
ξ i
)
wp−wTpBp
(
ξ i
)
BTp,αβ
(
ξ i
)
wp
]
∆ξ i = 0,
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{
dpα
(
ξ i
)}
+
[
Dpαβ
(
ξ i
)]
∆ξ i = 0, (5.6)
∆ξ i =−
[
Dpαβ
(
ξ i
)]−1{
dp
(
ξ i
)}
. (5.7)
We can write the increment of the parametrization coordinate as ∆ξ i = ξ i+1−ξ i.
In two-dimensional cases, we have α = β = 1, thus the residue (5.1) and stiffness
(5.4) become the scalar functions{
dpα
(
ξ i1
)}
= dp
(
ξ i1
)
= wTpBp
(
ξ i1
)
BTp,1
(
ξ i1
)
wp, (5.8)
[
Dpαβ
(
ξ i1
)]
= Dp
(
ξ i1
)
= wTpBp,1
(
ξ i1
)
BTp,1
(
ξ i1
)
wp−wTpBp
(
ξ i1
)
BTp,11
(
ξ i1
)
wp. (5.9)
In three-dimensional cases, we have α = β = 1,2, thus the residue (5.1) and stiff-
ness (5.4) become{
dpα
(
ξ i1,ξ
i
2
)}
=
{
dp1
(
ξ i1,ξ
i
2
)
dp2
(
ξ i1,ξ
i
2
) }={ wTpBp (ξ i1,ξ i2)BTp,1 (ξ i1,ξ i2)wp
wTpBp
(
ξ i1,ξ
i
2
)
BTp,2
(
ξ i1,ξ
i
2
)
wp
}
, (5.10)
[
Dpαβ
(
ξ i1,ξ
i
2
)]
=
[
Dp11
(
ξ i1,ξ
i
2
)
Dp12
(
ξ i1,ξ
i
2
)
Dp21
(
ξ i1,ξ
i
2
)
Dp22
(
ξ i1,ξ
i
2
) ] . (5.11)
where Dp11 , Dp12 , Dp21 and Dp22 are given by
Dp11
(
ξ i1,ξ
i
2
)
= wTpBp,1
(
ξ i1,ξ
i
2
)
BTp,1
(
ξ i1,ξ
i
2
)
wp−wTpBp
(
ξ i1,ξ
i
2
)
BTp,11
(
ξ i1,ξ
i
2
)
wp, (5.12)
Dp12
(
ξ i1,ξ
i
2
)
= Dp21
(
ξ i1,ξ
i
2
)
(5.13)
= wTpBp,2
(
ξ i1,ξ
i
2
)
BTp,1
(
ξ i1,ξ
i
2
)
wp−wTpBp
(
ξ i1,ξ
i
2
)
BTp,12
(
ξ i1,ξ
i
2
)
wp,
Dp22
(
ξ i1,ξ
i
2
)
= wTpBp,2
(
ξ i1,ξ
i
2
)
BTp,2
(
ξ i1,ξ
i
2
)
wp−wTpBp
(
ξ i1,ξ
i
2
)
BTp,22
(
ξ i1,ξ
i
2
)
wp. (5.14)
Thus, we can use the Newton-Rapshon method to solve the system of equations and
update the coordinates as
ξ i+1 = ξ i−
[
Dpαβ
(
ξ i
)]−1{
dp
(
ξ i
)}
. (5.15)
Algorihm 1 shows the details of Newton’s iterative procedure to find the projection
coordinates.
The iterative procedure has two dofs in three-dimensional problems and one dof
in two-dimensional problems. A tolerance of tolpc = 10−6 for the projection coordinate itera-
tive search has shown to be appropriate for a good convergence of the algorithm. The method
reaches the norm
∥∥∥dpα (ξ i)∥∥∥< 10−13 with about 4 iterations.
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Algorithm 1 Newton’s iterative procedure to find the projection coordinate.
Initialize ξ i = 0
1) Do i = 1 , · · · , until the convergence
1.1) compute wp
(
ξ i
)
, Bp
(
ξ i
)
, Bp,β
(
ξ i
)
and BTp,αβ
(
ξ i
)
(Eqs. (3.21), (3.20), (3.26) and
(3.28))
1.2) compute
{
dpα
(
ξ i
)}
and
[
Dpαβ
(
ξ i
)]
2D - (Eqs. (5.8) and (5.9)) 3D - (Eqs.( 5.10) and
(5.11))
1.3) check for convergence:
if
∥∥∥dpα (ξ i)∥∥∥≤ tolpc =⇒stop =⇒ ξ p = ξ i
if
∥∥∥dpα (ξ i)∥∥∥> tolpc =⇒ ξ i+1 = ξ i−[Dpαβ (ξ i)]−1{dp(ξ i)}, i = i+1 go to 1)
end 1.3)
End 1)
5.2 Contact element assembly
In this section, we present the algorithm for assembling of the contact element de-
scribed in Chapter 3. This assembling is applied in step 3.2 of the Newton’s iterative procedure
(Algorithm 3), for static problems, and in step 1.2) of the Newmark’s iterative procedure (Al-
gorithm 5), for dynamic problems.
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Algorithm 2 Contact element assembly.
1) Do e = 1,..., ne (contact elements)
2) Do p = 1,..., np (Gauss points of the contact element)
2.1) compute updated coordinate xnm (ζp) (Eq. (3.12))
2.2) compute projection coordinate ξ p (Algorithm 1)
2.3) compute updated coordinate xm
(
ξ p
)
(Eq. (3.13))
2.4) compute the matrices
Bp, Bp,α , Bp,αβ and B
ζ
p,α (Eqs. (3.20), (3.26), (3.28) and (3.27))
2.5) compute the vectors
wp
(
ζ p,ξ p
)
, τα , ν , cmp and τnm0p (Eqs. (3.21), (3.22), (3.23), (3.31) and (3.30))
2.6) compute the gap gNp
(
ζ p
)
= wTpBpν (Eq. (3.19))
2.7) check if contact occurs
if gN
(
ζ p
)
< 0 =⇒ the Gauss point is not in contact
p = p+1 and back to =⇒ step 2)
if gN
(
ζ p
)
≥ 0 =⇒ the Gauss point is in contact
2.8) check for frictionless or frictional contact
if (µ ≤ 0) =⇒ frictionless contact
update the normal contact stress t(k)Nn+1 (Eq. 2.76)
compute the contact force f c
f c = tNN (Eq. 3.40)
compute the contact stiffness kc
kc = kcN (Eq. 3.43)
if (µ > 0) =⇒ frictional contact =⇒ implicit Euler method
update the normal contact stress t(k)Nn+1 (Eq. 2.76)
update the tangential contact stress
Trial state: =⇒ t(k)
trial
Tn+1α
and φ (k)
trial
n+1
(
t(k)Tn+1α ,λ
(k)
Nn+1
)
(Eq. 2.76)
Return map: =⇒ correct t(k)Tn+1α (Eq. 2.77)
compute the contact force f c
f c = tNN+ tT1D1+ tT2D2 (Eq. 3.40)
compute the contact stiffness kc
kc = kcN + k
c
T (Eqs. 3.43 and 3.51)
end 2.8)
end 2.7)
2.8) p = p+1 =⇒ go back to step 2)
End 2)
1.1) compute the element portion in the global contact force vector
Fc =A f c (Eq. (3.17)
1.2) compute the element portion in the global contact stiffness matrix
Kc =Akc (Eq. (3.18))
1.3) e = e+1 =⇒ go back to step 1)
End 1)
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5.3 Static contact problems
Given a body deformation state φk and an arbitrary virtual displacement vector δu
kinematically admissible in the current position, we can write an expression for the virtual work
δΠtot Eq. (2.5) during this deformation process as [17]
δΠtot (φk,δu) = δuT
(
F int +Fc−Fext)= 0. (5.16)
As Eq. (5.16) must be satisfied for any kinematically compatible δu virtual dis-
placement, this expression can be written in terms of the residual force vector as
ψ =
(
F int −Fext +Fc) , (5.17)
where F int , Fext and Fc are, respectively, the internal, external and contact global force vectors.
Equation (5.16) can be linearized in the direction of a displacement increment ∆u,
using again a first order Taylor’s series expression
δΠtot (φk,δu)+DδΠtot (φk,δu) [∆u] = 0. (5.18)
where the first term is the virtual work, which will result in the residual force vector. The
second term is the directional derivative of this virtual work for a given deformation state φk in
the direction of a ∆u displacement increment. This term will give rise to the tangent stiffness
matrix and will be considered in terms of the: internal, external and contact components as
DδΠtot (φk,δu) [∆u] = DδΠinttot (ϕk,δv) [∆u]−DδΠexttot (ϕk,δv) [∆u]+DCc. (5.19)
The tangent matrix KT = Ks +Kc can be obtained from the second term of Eq.
(5.18), which results in the following relation [17]:
DδΠtot (φk,δu) [∆u] = δuTKT∆u. (5.20)
Equation (5.19) can be non-linear with respect to geometry and material. For a
specific load and material conditions, the solution is given by a deformed configuration φk in a
balance state [17].
It is necessary to linearize the equilibrium equations in order to obtain an equilib-
rium configuration. The mathematical details to obtain each total virtual work contribution are
here omitted but can be found in the references [17, 58].
We present the solution procedure of the resulting system of equations based on the
Newton-Raphson Method.
Substituting Eqs. (5.16), (5.17) and (5.20) in Eq. (5.18), we have
δuTKT∆u=−δuTψ, (5.21)
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where the global stiffness matrix KT and the global residual vector ψ have all terms of domain
and contact. Once the virtual displacements are arbitrary, we can write the Newton-Raphson
procedure as
∆u=−K−1T ψ, u j+1 = u j +∆u j. (5.22)
We used the conjugated gradient method with Gauss-Seidel preconditioning (CGGS)
[88] to solve the global linearized system (5.22). The convergence tolerance used for CGGS
was tolCGGS = 10−12 and for the Newton-Raphson procedure was tolNR = 10−6. In general,
the CGGS needs less iterations than the CGD (conjugated gradient method with diagonal scal-
ing). The CGD usually takes 10 times the number of iterations of the CGGS in a typical large
deformation problem. In our experience with tolerances, if we apply a tolCGGS > 10−8, the
Newton-Raphson procedure does not converge for large deformation problems. The conver-
gence criterion was the square root of the internal product between the residual vector and the
search direction [8]
ecomb =
√
∆u(u j) ψ (u j). (5.23)
Algorithm 3 presents the Newton’s iterative procedure for contact problems with
the Augmented Lagrangian method.
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Algorithm 3 Newton’s iterative procedure for contact problems.
Initialize u1n = {0}
1) Do n = 0,..., until the total number of time steps
2) Do k = 0,..., until the maxAU (maximum number of augmentation)
3) Do j = 0,..., until the convergence ( j is the Newton iteration number)
3.1) compute the system forces and stiffness:
F int , Fext and Ks
(
u jn
)
[7]
3.2) compute the contact force and stiffness (Algorithm 2):
Fc
(
u jn
)
and Kc
(
u jn
)
3.3) compute the total residual and stiffness:
ψ = F int −Fext +Fc and KT = Ks+Kc (respecting the connectivity)
3.4) check for convergence:
if ecomb ≤ tolNR =⇒
{
u jn
}
converged =⇒ proceed to step 2.1)
if ecomb > tolNR =⇒ continue in step 3.5)
end 3.4)
3.5) solve the global linearized system ∆u j+1n+1 =− [KT ]−1 {ψ}
for infinitesimal deformation =⇒ α j = 1.0
for finite deformation =⇒ compute α j with Algorithm 4
3.6) update the point u j+1n+1 = u
j
n+α j∆u j+1n+1 =⇒ go back to step 3)
End 3)
2.1) check for frictionless or frictional contact
if (µ ≤ 0) =⇒ frictionless contact
update the normal Lagrange multiplier λ (k+1)Nn+1 (Eq. 2.78)
update the normal penalty parameter εk+1N (Eq. 2.78)
if (µ > 0) =⇒ frictional contact =⇒ implicit Euler method
update the normal Lagrange multiplier λ (k+1)Nn+1 (Eq. 2.78)
update the normal penalty parameter εk+1N (Eq. 2.78)
update the tangential Lagrange multipliers
Trial state: =⇒ λ (k+1)
trial
Tn+1α
and φ (k+1)
trial
n+1
(
λ (k+1)Tn+1α ,λ
(k+1)
Nn+1
)
(Eq. 2.78)
Return map:=⇒ correct λ (k+1)Tn+1α (Eq. 2.79)
end 2.1)
2.2) check the KKT conditions
if
(
max
(
gAveNe
)
< tolgN
)
and (λerror < tolλ ) (Eq. 2.74)
KKT conditions OK =⇒ n = n+1 go back to 1)
if
(
max
(
gAveNe
)
> tolgN
)
or (λerror > tolλ ) (Eq. 2.74)
KKT conditions NOT OK =⇒ k = k+1 go back to 2)
if k = maxAU stop =⇒ Augmented Lagrangian procedure did not converge
end 2.2)
End 2)
End 1)
For linear elastic problems, Ks does not change with the deformation being neces-
sary to compute it only one time.
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5.4 Regula-Falsi method
Usually, it is not possible to achieve convergence in a nonlinear structural problem
with large deformations using the Newton-Raphson method, even if the problem is linear elastic.
This is due to the fact that the Newton-Raphson method only converges locally, see e.g. [56],
and more than one solution is possible for this kind of problem. Such behavior can result in
divergence of the Newton scheme, especially for large nonlinear equation systems, and hence
no solution is obtained at all. In general, convergence to a specific solution can be expected only
with an appropriate choice of starting values and loading step sizes.
One way of reducing the impact of these choices, and consequently help in the
convergence process, is to apply an inexact line-search method. Basically, it is a strategy to
calculate the step size α so that the energy Πtot (x) decreases. Even after ensuring that ∆u is a
descent direction,
(
∆u
(
u j
)
ψ
(
u j
))
< 0, it is not possible to guarantee that the step α = 1.0
(classic Newton-Rapshon) decreases the value of Πtot (x).
In the present work, we construct an global method by damping the Newton-Raphson
iteration for large deformation problems. For this purpose, Eqs. (5.22) can be rewritten such that
the computation of the new displacement increments is performed by
∆u=−K−1T ψ, u j+1 = u j +α j∆u j. (5.24)
For the damping of the Newton method, the step α j (damping parameter) has to be
chosen such that its value is limited to the range 0 and 1, based on the idea of a descent method
in which the residue is reduced in every iteration step.
Thus, the secant method, also known as the method of regula falsi, is applied to
estimate α j in each Newton-Raphson iteration j. The iterative formula for α j is
α ji+1 = α
j
i −ψ
(
α ji
) α ji −α ji−1
ψ
(
α ji
)
−ψ
(
α ji−1
)
 . (5.25)
The convergence criterion adopted is∣∣∣g(α ji+1)∣∣∣6 β ∣∣∣g(α j0)∣∣∣ , (5.26)
where the directional derivative g is
g
(
α ji
)
= ∆u
(
u j
)
ψ
(
u j +α ji ∆u
j
)
, (5.27)
and β is the rate of reduction of the initial directional derivative g
(
α j0
)
. In the present work,
we adopted β = 0.1. This means reducing the directional derivative computed in α ji+1 to 10%
of the initial directional derivative computed in α j0 .
The secant iterative procedure is presented in Algorithm 4.
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Algorithm 4 Inexact line-search iterative procedure.
Initialize β = 0.1, maxite = 5, α j0 = 0.0 and α
j
1 = 1.0
1) compute g0 at the initial point u
j
0
u j0 = u
j
g0 = ψ
(
u j0
)
·∆u j=⇒ gin = g0
End 1)
2) compute g1 at the point u
j
1
u j1 = u
j
0+α
j
1∆u
j
g1 = ψ
(
u j1
)
·∆u j
2.1) check initial derivatives:
if (g1 ·g0 ≥ 0.0)=⇒ stop =⇒ α j = 1.0
if (g1 ·g0 < 0.0) proceed to 3)
end 2.1)
End 2)
3) Do i = 1, · · · ,maxite
3.1) compute the α ji+1
α ji+1 = α
j
i −ψ
(
α ji
){[
α ji −α ji−1
]
/
[
ψ
(
α ji
)
−ψ
(
α ji−1
)]}
3.2) check for convergence:
if
(
α ji+1 > 1.0
)
or
(
α ji+1 < 0.0
)
=⇒ stop =⇒ α j = 1.0
if
(∣∣∣g(α ji+1)∣∣∣≤ β |gin|) or (i > maxite) =⇒ stop =⇒ α j = α ji+1
if
∣∣∣g(α ji+1)∣∣∣> β |gin|=⇒ i = i+1 go back to 3)
end 3.2)
End 3)
5.5 Dynamic contact problems
We consider the equation of conservation of linear momentum in the discrete im-
plicit form using the nonlinear Newmark time integration scheme without damping effects [88]
given by
Man+1+Fintn+1 = F
ext
n+1, (5.28)
where we denote M as the global mass matrix, Fintn+1 as the global internal force vector depen-
dent of the updated configuration with coordinates xn+1, which in turn depend on the displace-
ments un+1 . The term Fextn+1 represents the global external nodal force vector. The terms an+1
and vn+1 respectively denote the global acceleration and velocity vectors. We define the follow-
ing residual force vector ψn+1, which assumes zero value when the system is in equilibrium at
time step t = n+1:
ψn+1 =Man+1+F
int
n+1−Fextn+1 = 0. (5.29)
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The following approximations for the velocity and accelerations are used by the
Newmark scheme:
an+1 = b1 (un+1−un)−b2vn−b3an, (5.30)
vn+1 = b4 (un+1−un)−b5vn−b6an, (5.31)
with the following Newmark coefficients
b1 = 1g1∆t2 , b2 =
1
g1∆t , b3 =
1−2g1
2g1
,
b4 =
g2
g1∆t2
, b5 =
(
1− g2g1
)
, b6 =
(
1− g2g1
)
∆t,
(5.32)
where it is usual to choose g1 = 0.5 and g2 = 0.25 for unconditional stability.
The initial conditions at t = 0 are given by
u0 = u¯, v0 = v¯. (5.33)
Substituting Eq. (5.30) in (5.28), we obtain
ψn+1 =M [b1 (un+1−un)−b2vn−b3an]+Fint
j
n+1−Fextn+1+Fc
j
n+1 = 0, (5.34)
The equilibrium system, Eq. (5.34) is linearized for the use of the Newton-Raphson
method using incremental global displacements, defined as
u j+1n+1 = u
j
n+1+α
j∆u j+1n+1. (5.35)
Accordingly, the updated global coordinates are given by
x j+1n+1 = xn+u
j+1
n+1, (5.36)
where the superscript j+1 refers to the current iteration of the Newton’s method.
The linearized form of Eq. (5.34) in the direction of a displacement increment ∆u
is given by the following system of equations:[
b1M+K
j
Tn+1 +K
c j
Tn+1
]
∆u = −M
[
b1
(
u jn+1−un
)
−b2vn−b3an
]
−Fintn+1+Fextn+1−Fc
j
n+1. (5.37)
The terms un, vn , an are obtained from the last converged time step n. The term KT
is the tangent stiffness matrix and it is updated at each iteration j along with the internal force
vector.
We can rewritten Eq. (5.37) in the following form:
Kˆ jTn+1∆u=−ψ
j
n+1, (5.38)
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where KˆT denotes the effective tangent stiffness matrix
Kˆ jTn+1 = b1M+K
j
Tn+1 +K
c j
Tn+1. (5.39)
Algorihm 5 shows the details of the Newmark iterative procedure for contact prob-
lems with the Augmented Lagrangian method.
5.6 Curved mapping
In this section, we present the mapping procedure algorithm described in Chapter 4.
The problem consist in to find the material coordinate XN (rx) which is under the NURBS given
by the mesh generator. The mapping procedure consists of finding each parametric coordinate
of each edge or face that composes the curved surface (Fig. 4.4).
The mapping procedure is presented in Algorithm 6.
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Algorithm 5 Newmark’s iterative procedure for contact problems.
Initialize
u0 = u¯, v0 = v¯, M, Fext (t0), F int (t0), a0 =M−1ψ0, Fc0 = {0} and Kc0 = [0]
1) Do n = 0,..., until the total number of time steps
1.1) t = t+∆t
1.2) compute Fcn+1 and K
c
n+1 (Algorithm 2)
1.3) compute ψ jn+1 and Kˆ
j
Tn+1(Eqs. 5.34 and 5.39) (Obs.: u
0
n+1 = u
0
n)
2) Do k = 0,..., until the maxAU (maximum number of augmentation)
3) Do j = 0,..., until the convergence ( j is the Newton iteration number)
3.1) solve the global linearized system ∆u (Eq. 5.38)
for infinitesimal deformation =⇒ α j = 1.0
for finite deformation =⇒ α j with Algorithm 4
3.2) compute u j+1n+1 = u
j
n+1+α
j∆u j+1n+1
3.3) compute Fc j+1n+1 and K
c j+1
n+1 (Algorithm 2)
3.4) compute ψ j+1n+1 and Kˆ
j+1
Tn+1(Eqs. 5.34 and 5.39)
3.5) check convergence
if (ecomb ≤ tolNR) =⇒ proceed to 2.1)
if (ecomb > tolNR) =⇒ i = i+1 =⇒ go back to 3)
end 3.5)
End 3)
2.1) check for frictionless or frictional contact
if (µ ≤ 0) =⇒ frictionless contact
update the normal Lagrange multiplier λ (k+1)Nn+1 (Eq. 2.78)
update the normal penalty parameter εk+1N (Eq. 2.78)
if (µ > 0) =⇒ frictional contact =⇒ implicit Euler method
update the normal Lagrange multiplier λ (k+1)Nn+1 (Eq. 2.78)
update the normal penalty parameter εk+1N (Eq. 2.78)
update the tangential Lagrange multiplier
Trial state =⇒ λ (k+1)
trial
Tn+1α
and φ (k+1)
trial
n+1
(
λ (k+1)
trial
Tn+1α
,λ (k+1)Nn+1
)
(Eq. 2.78)
Return map =⇒ λ (k+1)Tn+1α (Eq. 2.79)
end 2.1)
2.2) check KKT
if
(
max
(
gAveNe
)≤ tolgN) and (λerror ≤ tolλ )
KKT conditions OK =⇒ update vn+1, an+1 =⇒ n = n+1 =⇒ go back to 1)
if
(
max
(
gAveNe
)
> tolgN
)
and (λerror > tolλ )
KKT conditions NOT OK =⇒ k = k+1 =⇒ go back to 2)
end 2.2)
End 2)
End 1)
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Algorithm 6 NURBS mapping coordinate procedure.
Initialize inside the high-order nodes routine
1) Do n = 1, · · · , nm number of edge (2D) or surface (3D) mapped
2) Do i = 1, · · · , ncoloc number of collocation point on edge (2D) or surface (3D)
2.1) compute the material coordinate X(ξ i)
2.2) check dimention
if Dim = 2
use Eq. (4.1) to find ri corresponding to each X(ξ i)
if Dim = 3
use Eq. (4.5) to find ri and si corresponding to each X(ξ i)
Obs.: Through a Newton’s procedure similar to Algorithm 1
end 2.2)
End 2)
1.1) check dimention
if Dim = 2
compute a linear interpolation to find rx with the components ri
if Dim = 3
compute a linear interpolation to find rx and sx with the components ri and si
Example: for two-dimensional case rx = r1+(ξ3−ξ1)(r2− r1)/(ξ2−ξ1) (see Fig. 4.4)
end 1.1)
1.2) check dimention
if Dim = 2
compute Ni,k (rx) and Ri,χ (rx) (Eqs. 4.3 and 4.2)
compute X(rx) (Eq. 4.1) with control points Xi and Ri,χ (rx)
if Dim = 3
compute Ni,k (rx), M j,ϑ (sx) and Si j (rx,sx) (Eqs. 4.3 and 4.6)
compute X(rx,sx) (Eq. 4.5) with control points Xi j and Si j (rx,sx)
end 1.2)
End 1)
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6 RESULTS
In this section, we present the results obtained using the mortar-based contact ele-
ments for problems.
Firstly, we verify the behavior of the contact element in small deformation with two-
and three-dimensional contact patch tests and with the analytical solution of the Hertz problem.
Then, we present studies of accuracy and processing time of the contact elements for h- and p-
refinements for the Hertz problem. After we verify the implementation of the frictional contact
in a two-dimensional problem considering small deformations. We then present the two- and
three-dimensional NURBS mapping test. Then, we present a study of the accuracy for the h-
and p-refinements for a three-dimensional problem considering large deformation and friction.
We finished the results with two impact problems.
6.1 Two-dimensional contact patch test
Patch tests were originally proposed in [57] and investigate whether an assemblage
of displacement-based non-conforming elements is complete. The element passes the patch test
if an arbitrary patch can represent the state of constant stress. This in turn ensures convergence
for displacement-based elements as the mesh is refined. Similarly, patch tests can be used to
test the ability of contact formulations to exactly transmit constant normal tractions between
two contacting surfaces, regardless of their discretization. Algorithms that do not pass the patch
test introduce solution errors at the contacting surfaces that do not necessarily decrease with
mesh refinement [9].
Fig. 6.1 illustrates a frictionless contact patch test problem between two blocks
made of isotropic, linear elastic material under infinitesimal deformations for plane strain state.
In the following sections, [UL] is the unit of length and [UF ] is the unit of force.
The mesh used is illustrated in Fig. 6.2 and the penalty parameter applied was εN =
1.0×102 and ∆εN = 0.0. A constant vertical distributed load q =−1.0 [UF/UL] is applied on
the top of block 1. The bottom edge of block 1 is the non-mortar surface and top edge of block
2 is the mortar surface. We applied P+1 Gauss-Legendre integration points [44] for the contact
elements to achieve good results, where P is the interpolation order. The tolerance for the gap
function was tolgN = 10
−3 and the tolerance for contact stress was tolλ = 10−3.
The result for the contact stress on the integration points for interpolation order
P = 2 is compared with the constant stress in Fig. 6.3. It can be observed that the obtained
numerical result is in according to the constant patch test solution.
The percentage error ησ for the contact stress using the L2-norm for this patch test
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Fig. 6.1 – Two-dimensional contact patch test problem.
Fig. 6.2 – Mesh for the two-dimensional contact patch test.
Fig. 6.3 – Contact stress for the patch test problem with interpolation order P = 2.
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is
ησ =
‖eσ‖L2√∫
Γc q
2dΓc
×100% =
√∫
Γc (q− tN)2 dΓc√∫
Γc q
2dΓc
×100%. (6.1)
The mortar-based approach can satisfy the patch test. The percentage error ησ
reaches the magnitude of 1.0×10−8 independently of the interpolation order.
6.2 Three-dimensional contact patch test
We extended the two-dimensional contact patch test previously presented (Fig. 6.1)
for the three-dimensional case. In Fig. 6.4, we can see the mesh for the problem. It was con-
sidered the Poisson’s ratio ν = 0.3, Young’s modulus E = 106 [UF/UL2] for both blocks and
a constant vertical stress load q =−1.0 [UF/UL2] is applied on the top of superior block. We
applied P+2 Gauss-Legendre integration points in each parametric directions and the penalty
parameter εN = 1.0 and ∆εN = 0.0. The tolerance for the gap function was tolgN = 10−3 and the
tolerance for contact stress of tolλ = 10−3.
The contact element can satisfy the patch test. It was observed that the percentage
error ησ reaches the magnitude of 1.0×10−6 independently of the interpolation order.
6.3 Two-dimensional Hertz contact problem
The Hertz contact problem was the first published case with analytical solution [36].
It consists in a frictionless contact problem between two cylindrical bodies made of isotropic,
linear elastic material under infinitesimal deformation for plane strain state.
The contact between a cylinder and the rigid soil represented in Figure 6.5 is con-
sidered. According to [28], the Hertz analytical solution for the normal contact stress tHertzN and
the length b can be obtained from the analytical Hertz contact stress between two cylinders,
making the radius R2 and the Young’s modulus E2 tend to large values. Therefore, tHertzN and b
are given respectively as [28]:
tHertzN (x) =
4R1q
pib2
√
b2− x2, (6.2)
b = 2
√
2R21q
(
1−ν21
)
E1pi
, (6.3)
with Poisson’s ratio ν1 = 0.3, radius of the cylinder R1 = 8 [UL], Young’s modulus E1 =
8 [UF/UL2] and the force applied to the structure F = 10 [UF ]. We compute the distributed
load q = 0.625 [UF/UL]. For these parameters, we have a contact region b = 0.68077 [UL].
As stated in [67], a satisfactory result applying linear elements requires at least five
elements in the contact region for the parameters used here.The soil was considered as a finite
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Fig. 6.4 – Mesh for the three-dimensional contact patch test.
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R = 81
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2φ
Fig. 6.5 – Two-dimensional Hertz contact problem.
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element with constrained edges. The initial contact condition is gN = 0 at the symmetry point
of the cylinder. The meshes used are illustrated in Fig. 6.6.
Mesh m1
6 elements
16 dofs
Mesh m2
53 elements
126 dofs
Mesh m3
129 elements
283 dofs
Mesh m4
383 elements
813 dofs
Mesh m5
537 elements
1135 dofs
Fig. 6.6 – Meshes for the Hertz problem.
Mesh m4 was used for the first analysis and interpolation order P = 1 and penalty
parameter εN = 1.0× 105 and ∆εN = 0.0. The resulting solution for contact stress at the inte-
gration points is compared with the Hertz analytical stress in Fig. 6.7. It can be observed that
the obtained numerical result is in according to the classical analytical solution. The Gauss-
Legendre quadrature was used with np = P+ 1 integration points per contact element. The
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Fig. 6.7 – Contact stress computed with mesh m4 and interpolation order P = 1.
contact surface Γc is mapped along the quarter of circumference φ ∈
[−pi2 ,0].
Now we perform the h- and p-refinements to analyze the improvement in solution
accuracy. For the p-refinement, we fix the mesh m1 and vary the interpolation order from P = 1
to P= 9 (p1 to p9 labels). We have only one element in the contact region. For the h-refinement,
we fix the interpolation order P = 1 and use the meshes from m1 to m5 (h1 to h5 labels). The
percentage error ησ in the contact stress using the L2-norm in this case is
ησ =
‖eσ‖L2√∫
Γc
(
tHertzN
)2
dΓc
×100% =
√∫
Γc
(
tHertzN − tN
)2
dΓc√∫
Γc
(
tHertzN
)2
dΓc
×100%. (6.4)
A penalty parameter εN = 1.0×103, tolerance for the gap function of tolgN = 10−4
and tolerance for contact stress of tolλ = 10−3 were used and np = P+1 integration points per
contact element. The results are presented in Fig. 6.8 for the mortar-based contact elements
with penalty and Augumented Lagrangian methods.
We observe that for the contact element with penalty and Augmented Lagrangian
methods, the errors reache the minimal values of 0.88% and 0.46% both for the p7-refinement.
We observe an error oscillations for the p5-refinement when using the penalty method, and
for p7-refinement when using the Augmented Lagrangian method. Error values below 0.46%
are not reached for both contact elements. This can be related to the mesh resolution. In other
words, an hp-refinement could be evaluated in terms of obtaining better stress results.
The fact that the error does not decrease with the increase of the interpolation order
and oscillates around a value can also be associated to the analytical solution behavior. This can
also be observed when we try to interpolate an analytical solution in projection problems with
84
Fig. 6.8 – Approximate error norms for the h- and p-refinements in the two-dimensional Hertz
problem.
an specific order P and it is not possible to reach an enhancement in the interpolation of the
solution [44].
When h- and p-refinements are compared, we can observe that it is possible to obtain
a more accurate solution for contact stress with p-refinement using less degrees of freedom. For
the contact element with penalty method, it was possible to obtain an error of 0.96% with 308
degrees of freedom and p5-refinement, while for the h5-refinement the error is about 2.00%
with 1135 degrees of freedom.
6.4 Three-dimensional Hertz contact problem
We present an accuracy analysis with the increase of the polynomial order for the
three-dimensional Hertz problem performing the h- and p-refinements.
The classical example adopted is the contact between a sphere and the rigid soil.
As shown in Fig. 6.5, the analytical solution for this problem can be obtained using the Hertz
analytical stress for contact between two spheres, as the radius R2 and the Young’s Modulus
E2 tend to high values. According to [43], the analytical solution for the Hertz problem for
maximum normal stress tmax and radius a formed by the total contact area are, respectively,
tma´x =
(
6P
pi3R21
(
E1
1−ν21
)2)1/3
, (6.5)
a =
(
3PR1
(
1−ν21
)
4E1
)1/3
. (6.6)
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We used the Poisson’s coefficient ν1 = 0.3, the cylinder radius R1 = 8.0 [UL] and the Young’s
modulus E1 = 200
[
UF/UL2
]
.
We applied a distributed load q= 0.042
[
UF/UL2
]
. It was used a penalty parameter
εN = 2.0×103 and ∆εN = 0.0, gap tolerance of tolgN = 10−3 and contact stress tolerance tolλ =
10−3. We used np = P+1 integration points in each parametric direction per contact element.
The meshes used are illustrated in Fig. 6.9. Figures 6.10 and 6.11 show details of
two meshes used. The soil was considered as a finite element with all edges and faces restricted.
Fig. 6.9 – Meshes m1 to m7 for three-dimensional Hertz problem.
For p-refinement, we choose mesh m1 and vary the interpolation orders from P = 1
to P = 6, so that only one element remains in the contact region (p1 to p6 labels). For mesh
m1, we use only one contact element. For h-refinement, we fix the interpolation order P= 1 and
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Fig. 6.10 – m2 mesh details for three-dimensional Hertz problem.
Fig. 6.11 – m6 mesh details for three-dimensional Hertz problem.
vary the meshes from m1 to m7 (h1 to h7 labels). We calculated the percentage error based on
the analytical maximum stress as
ηF =
∣∣∣tmax− tHertzNmax ∣∣∣
tmax
×100%, (6.7)
where tmax is the maximum analytical stress and tHertzNmax is the maximum numerical stress.
The results in terms of this error measure are presented in Fig. 6.12.
The error ηF reaches a minimum value of 0.12% for the p6-refinement with 9166
degrees of freedom. We observe an oscillation of the error for the p4-refinement. Values of error
below 0.12% are not reached.
When we compare p- and h-refinements, it can be seen that it is possible to obtain
a contact stress solution using high-order contact elements with improved accuracy and fewer
degrees of freedom. For the p3-refinement and 1180 degrees of freedom, it was possible to
obtain an error of 1.83%; while for h7-refinement and 21649 degrees of freedom, we can reach
an error of 3.69%.
87
Fig. 6.12 – Error curves ηF for the mortar-based contact element obtained for the three-
dimensional Hertz problem.
The same analysis was made in the paper [68], which uses mortar contact elements
and the results presented show that to obtain a solution with an error of 1.7%, in small deforma-
tion regime, it was necessary to use a very refined mesh, with approximately 3.0×106 degrees
of freedom. Therefore, the results obtained here, show that p-refinement is an interesting strat-
egy for this contact problem. It is possible to obtain good solutions using coarse meshes and less
active contact elements with the application of p-refinement. It should be noted that for the pa-
rameters adopted and mesh m1, the configuration has a detachment in the middle of the contact
element. As can be seen in Fig. 6.13, the contact element is able to recover the contact stress
field without oscillations despite the detachment in the middle of the element. This is a very
relevant result, since in general this type of detachment generates a high level of oscillations
in the contact stress field in the majority of the contact elements that we find in the literature.
Figure 6.13 shows the contact stress for the p4-refinement.
We now present the results in terms of processing time calculating the time percent-
age as
time percentage =
processing time
maximum processing time
×100%, (6.8)
where processing time is the overall runtime of the program considering the sum of element
evaluation, contact evaluation and solver time of each refinement. The maximum processing
time is the most expensive solution time, which was for the p6-refinement.
Figure 6.14 illustrates the results of the processing time and element evaluation in
terms of the number of degrees of freedom. Figure 6.15 illustrates the results of the contact
evaluation and solver time in terms of the number of degrees of freedom, Fig. 6.16 shows the
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Fig. 6.13 – Normal contact stress field computed with mesh m1 and interpolation order P = 4
for the three-dimensional Hertz problem.
results for the error ηF versus total processing time.
Despite the fact that Figs. 6.14 and 6.15 shows that the p-refinements is more ex-
pensive, a more careful analysis shows that p-refinements is more efficient for the analysed
problem. That can be easily seen from Fig. 6.16.
We observe that p-refinement obtained better stress results and it was less expensive
comparatively. Comparing the cases p5 and h7, we can see that the p5-refinement took 26.88%
of the maximum time (p6-refinement) with better stresses (ηF = 0.97%) and less degrees of
freedom, while h7-refinement took 32.80% of the maximum time (ηF = 3.69%). We can do the
same comparison examining Fig. 6.16 and the cases p3 and h4. These cases have approximately
the same total processing time (1.45% and 1.10%, respectively), but p3-refinement reaches
better stress results (ηF = 1.83% for p3 against ηF = 6.50% for h4).
A more detailed analysis for two-dimensional problem is given in [25].
6.5 Friction problem between block and soil
Figure 6.17 shows the problem of block in contact with soil. The block is made
of linear, elastic and isotropic material considering small deformation regime. This example
has been chosen to verify the performance of the elements in problems with friction in small
deformations. Results for this problem has been published in the references [5, 30, 76]. We
considered plane strain state and penalty parameter εN = 1.0×105 , ∆εN = 0.0 and εT = 1.0×
10
4
. We used np = P+ 1 integration points per contact element. The tolerance for the gap
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Fig. 6.14 – Time percentage for total processing and element evaluation in terms of the number
of degrees of freedom, respectively.
Fig. 6.15 – Time percentage for contact evaluation and solver in terms of the number of degrees
of freedom, respectively.
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Fig. 6.16 – Error vs total processing time.
function is tolgN = 10
−3 and for the contact stress tolλ = 10−3.
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Fig. 6.17 – Rectangular block in contact with soil.
In [76], a node-to-segment contact element using Augmented Lagrangian method
with interpolation order P = 1 was presented. The comparative results are presented in terms
of the normal and tangential contact forces of the contact nodes. We use linear interpolation
employing 16 elements in the contact region, resulting in a total of 17 nodes in this region.
As all terms are compared in a nodal level, we decided to fix a mesh with interpo-
lation order P = 2 so that the nodes in the contact region could be coincident in both papers,
resulting in the same amount of contact nodes. The details can be seen in Table 6.1 and in Fig.
6.18. The nodes of the contact region are numbered from left to right. We can observe a slip
condition from the nodes 1 to 10 and stick from nodes 11 to 17.
For the penalty method, we observed that there is a small difference in the slip
region (nodes 1 to 9) and in the transition point of the tangential condition, occurring stick from
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Table 6.1 – Comparison of elements and nodes in the contact region.
Comparative simulations
Results Contact elements Interpolation order Contact nodes
Present work 8 2 17
A. L. Serpa [76] 16 1 17
Fig. 6.18 – Mesh for contact element with P = 2.
Fig. 6.19 – Comparison of tangential forces.
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nodes 10 to 17. This behavior is also observed for other contact blocks examples with the soil
as in reference [32] when the penalty method is used. That occurs when the transition point of
the tangential condition of contact is located in the middle of the contact element. Therefore,
for some integration points inside the element we calculate the residual vector and the stiffness
matrix with the stick conditions, and for other Gauss points, these terms are calculated with the
slip conditions.
Figure 6.19 shows the curvature of the tangential force absolute values |FT |, which
is affected by this behavior. The peak of the tangential force in the solution obtained occurs
for the first slip transition point of the block, which is on node 9 for the penalty parameter
method. On the other hand, in the reference used, for the Augmented Lagrangian method, that
occurs on node 10. According to [32], this behavior can be avoided by increasing the number
of contact elements. The curvature of the normal force contact |FN | (Fig. 6.20) is not affected
by this behavior.
Fig. 6.20 – Comparison between normal forces.
6.6 Two-dimensional NURBS mapping
We consider the larger deformation problem illustrated in Fig. 6.21. It consists of
the frictionless contact numerical simulation between two hyper-elastic rings. The geometry
and material properties are given in Fig. 6.21.
Neo-Hookean hyperelastic compressible material is taken for both components. We
aim to do a comparative analysis between solutions with and without curved mapping in the
domain curves. The penalty parameter adopted is ε = 5.0×102 . Here the tolerance for the gap
function is tolgN = 10
−3 and for contact stress tolλ = 10−3.
A vertical displacement w =−3.5 [UL] is applied on the top of the upper ring (Fig.
6.21) in 30 time steps (time steps t). The outer side of the ring is the mortar surface. We con-
93
x
ν
w w
2
ν
2
y
   = 0.3
   = 0.3
E = 100  [UF/UL ]
E = 300  [UF/UL ]
8 [UL]
10 [UL]
24 [UL]
10 [UL]
12 [UL]
Fig. 6.21 – Two-dimensional NURBS mapping test.
sidered plane strain state and total Lagrangian formulation. The meshes used are shown in Fig.
6.22. We used P+ 1 integration points per contact element with interpolation order P = 2 for
mesh m2 and P = 3 for mesh m1 (approximately the same number of degrees of freedom).
Fig. 6.22 – Meshes m1 and m2 for boundary mapping with NURBS.
Figure 6.23 shows the uy displacement field in the deformed structure for different
solution time steps. In Figs. 6.24 and 6.25, we compare the contact stress fields with and without
mapping for m1 and m2 meshes.
We can observe that the application of mapping with NURBS smooths the contact
stress field for both analysed cases. Both meshes used are not very refined and we observe that
it is possible to reach a good solution using mapping with the mesh m2. Analysing the stress
fields of both meshes, we observe that the mesh refining increased the stress oscillation range
for the case without mapping, and improves and smooths the stress fields of the surfaces with
NURBS.
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Fig. 6.23 – Displacement field uy for the deformed structure in t =1, 10, 20 and 30, respectively.
Foundation with E = 300
[
UF/UL2
]
.
Fig. 6.24 – Comparison of the contact stress fields with and without mapping for the mesh m1.
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Fig. 6.25 – Comparison of the contact stress fields with and without mapping for the mesh m2.
6.7 Three-dimensional NURBS mapping
The large deformation problem shown in Fig. 6.26 of a frictionless contact between
a hyperelastic cylinder and block (foundation) is considered here [71].
We use the Neo-Hookean hyperelastic compressible material model for both com-
ponents with geometry and material properties illustrated in Fig 6.26. In this simulation, it is
possible to evaluate the performance of the contact element in a problem with large deforma-
tions and large frictionless slipping. We use a penalty parameter εN = 1.0 and apply a vertical
displacement w=−1.0 [UL] on the top of the cylinder in 5 time steps. After the first step is con-
cluded, it is applied a horizontal displacement u = 2.0 [UL] in the same region in 10 time steps.
It is considered plane strain state and total Lagrangian formulation. The meshes used are shown
in Fig. 6.27. We used 3P integration points per contact element in each parametric direction and
the gap tolerance of tolgN = 10
−3 and the contact stress tolerance of tolλ = 10−2.
In Figures 6.28 and 6.29, we can observe the deformed geometries and the dis-
placements field uy in time steps t = 1 (vertical), t = 5 (vertical) and t = 15 (final horizontal),
respectively. Simulations were done with interpolation order P = 1 (mesh m2) and P = 2 (mesh
m1). Mesh m2 is the same mesh used in reference [71]. This was the coarsest mesh used for the
analysis in [71], because it is a problem of difficult convergence. However, with the formulation
proposed here we obtained a similar result using a coarse mesh and interpolation order P = 2.
It is important to notice that besides the fact that the mesh m1 is coarse, the amount
of degrees of freedom in both simulations are almost the same.
We calculated the y coordinates of all nodes on the external surface of the contact
cylinder with the information obtained from the pre-processing software. Given the x coordinate
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Fig. 6.26 – Contact between cylinder and hyperelastic block.
of each high-order node, we corrected the y real coordinates with our NURBS mapping routine.
To show how important is the mapping procedure for three-dimensional cases, we
present the results in terms of the normal contact stresses on the integration points in Fig. 6.30.
The simulation was performed with mesh m2 and interpolation order P = 2. The results pre-
sented in Fig. 6.30 were obtained for a vertical displacement w =−0.4 [UL].
The stress field is significantly affected by the mapping of contact surfaces. For
elements with plain sides, only the vertices nodes are perfectly inside the curved surface, making
the edges nodes have y discretized coordinates with non-real values (Fig. 4.4) and farer from
the contact target. Consequently, all y coordinates of the integration points are also moved away
from the contact target, once they are obtained from the nodal coordinates. In these coordinates,
the stress to satisfy the non-penetration condition is smaller than in the real situation, in which
the coordinates would be closer. To reach the balance, the integration points closer to the vertices
tend to support higher contact loads than the internal points, affecting the whole stress field.
We can observe that the application of mapping with NURBS softens significantly
the contact stress field for the case under analysis.
6.8 Three-dimensional ironing problem
Now we perform the h- and p-refinements to analyse the improvement in solution
accuracy for a large deformation frictional contact problem between two hyperelastic blocks
[54]. The square block is pressed onto an elastic slab as illustrated in Fig. 6.31. We consider
Neo-Hookean compressible hyperelastic material for both blocks and the material parameters
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Fig. 6.27 – Meshes m1 and m2 for the three-dimensional mapping problem.
are presented in Fig. 6.31. The meshes used are illustrated in Fig. 6.32.
A total vertical displacement Uy =−0.5 [UL] is applied on top of the square block
in 5 time steps. This displacement is then kept constant while the upper block surface is pushed
Ux = 12.5 [UL] along the longitudinal direction in further 50 time steps. The bottom surface of
the slab is restrained in all directions.
The bottom surface of square block is the non-mortar surface and the top surface
of the slab is the mortar surface. It was assumed εN = 1.0× 102, εT = 1.0× 101, a penalty
updating parameter ∆εN = 5.0×101, np = P+1 integration points in each parametric direction
per contact element and the coefficient of friction µ = 0.1. Here the tolerance for gap function
is tolgN = 10
−3 and for contact stress tolλ = 10−3.
Fig. 6.33 shows the displacement field uy in the deformed structure at different time
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Fig. 6.28 – Displacements field uy in steps t = 1, t = 5, t = 15, respectively. Analysis with mesh
m2 and P = 1.
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Fig. 6.29 – Displacements field uy in steps t = 1, t = 5, t = 15, respectively. Analysis with mesh
m1 and P = 2.
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Fig. 6.30 – Contact stress fields without and with NURBS mapping.
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Fig. 6.31 – Three-dimensional ironing problem.
steps of the solution for interpolation order P = 1 and mesh m4.
For the p-refinement, we fix mesh m1 and vary the interpolation order from P= 1 to
P = 4 (p1 to p4 labels). For the h-refinement, we fix the interpolation order P = 1 and change
the meshes from m1 to m8 (h1 to h8 labels).
In Fig. 6.34, we see a tendency of the normal reaction force in the last time step to
converge to the value FNR = 258.3 [UF ] and the tangential reaction force to the value FT R =
24.0 [UF ] (direction x). For a quantitative analysis, we compute a force error. We took these
values as the converged or reference force values. Based on that, we compute the normal and
tangential percentage errors given by
ηFN =
|FN −FNR|
FNR
×100%, (6.9)
ηFT =
|FT −FT R|
FT R
×100%. (6.10)
where FN and FT are the normal and tangential numerical reaction forces, respectively. The
percentage error results in terms of the number of degrees of freedom can be seen in Fig. 6.35.
We observe that p-refinement obtained better reaction results and it was less expen-
sive comparatively (in terms of degree of freedoms). It can be seen that it is possible to obtain
excellent reaction results using the high-order contact elements with fewer degrees of freedom.
For the p4-refinement with 7614 degrees of freedom, it was possible to obtain an
error of ηFN = 0.00387%, while only with h8-refinement we can get closer with 11309 degrees
of freedom and ηFN = 0.00371%.
We can do the same comparison examining the cases p4 and h6. These cases have
approximately the same number of degrees of freedom (7614 and 7460, respectively), but the
p4-refinement reaches better stress results (ηFN = 0.00387% and ηFT = 0.292% for p4 versus
ηFN = 0.464% and ηFT = 1.792% for h6).
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Fig. 6.32 – Meshes m1 to m8 for the three-dimensional ironing problem.
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Fig. 6.33 – Displacement field uy for the deformed structure in t =1, 5, 25 and 55, respectively.
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Fig. 6.34 – Total reaction force convergence for h-refinement.
Fig. 6.35 – Total reaction force error for h- and p-refinements.
In the Figs. 6.36 and 6.37, we compare the results for normal and tangential contact
stress fields, respectively. As can be seen, the the high-order interpolation smooths the contact
stress fields in the contact area.
Now we present the results in terms of processing time using Eq. (6.8). The maxi-
mum processing time is the most expensive solution time, which was for the h8-refinement.
Figure 6.38 shows the results for the errors versus total processing time. As can be
seen, the solutions are very similar in terms of total processing time. Cases p4 and h8 reaches
approximately the same error and total processing time. However, the p4-refinement is 2.73
times faster than h8 in terms of the solver time and the h8-refinement is 6.4 times faster in the
contact evaluation and 15.0 times faster in terms of finite element evaluation. These drawbacks
can be controlled by parallelization of the routines that build the domain and contact elements.
Preliminary results show the efficiency of a global stiffness matrix parallelization
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Fig. 6.36 – Normal contact stress field comparison for P = 1 and P = 4.
Fig. 6.37 – Tangential contact stress field comparison for P = 1 and P = 4.
procedure using OpenMP. Fig. 6.39 shows the time results to compute the global stiffness matrix
(construction of local elements and global assembly) for the three-dimensional Hertz problem
with P = 4 and 6378 degrees of freedom. The speed-up reaches 4. The results point out the
parallelization as a interesting strategy to control the excessive time to compute the element
matrices in high-order analysis.
6.9 Two-dimensional disc impact problem
Here, we present the results for an impact problem from the literature [45]. The
problem is the frictionless impact of a linear elastic disk on a foundation, Fig. 6.40. The mesh
used is illustrated in Fig. 6.41 and the penalty parameter was εN = 1.0× 106 and ∆εN = 0.0.
It was considered small deformation and the geometry and material properties are presented in
Fig 6.40. We used P+1 Gauss-Legendre integration points for the contact elements, that were
enough to achieve good results. It was considered a tolerance for gap function of tolgN = 10
−3
and tolerance for contact stress of tolλ = 10−2. The simulation was performed with a total time
ttotal = 0.1s and ∆t = 10−4s. The initial conditions are u0 = 0.01m and v0 = 0.0m/s.
106
Fig. 6.38 – Error vs total processing time for the ironing problem.
Fig. 6.39 – Preliminary OpenMP results.
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Fig. 6.40 – Disc impact problem representation.
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We can see the mesh used in Fig 6.41. The foundation was considered as a finite
element with constrained edges. Figure 6.42 shows the displacement field uy in the deformed
structure at different time steps of the solution for interpolation order P = 1.
Fig. 6.41 – Mesh for the disc impact problem.
Figure 6.43 shows the comparison result for the contact stress field tN with P = 1
and P = 2. As we can see, there is an oscillation in the contact stress field with P = 1. The
oscillation presented is controlled by increasing the interpolation order, as can be seen in Fig.
6.43. The increase of the interpolation order promotes a better distribution of the mass inside the
finite element, reducing the effect caused by the kinetic energy loss in the contact area (velocity
became instantly zero in the contact surface).
Figures 6.44 and 6.45 show the effect of the mapping with P = 2 and P = 3 for the
impact problem. For interpolation order P > 3, we can observe the same behavior.
6.10 Three-dimensional cylinder impact problem
Here, we present the results for a frictionless impact of a hyperelastic cylinder on
a plate, Fig. 6.46. The mesh used is illustrated in Fig. 6.47 and the penalty parameter was
εN = 1.0× 104 and ∆εN = 1.0× 103. It was considered large deformation and the geometry
and material properties are presented in Fig 6.46. We used P+ 1 Gauss-Legendre integration
points for the contact elements, that were enough to achieve good results. It was considered a
tolerance for gap function of tolgN = 10
−3 and tolerance for contact stress of tolλ = 10−2. The
simulation was performed with a total time ttotal = 0.2s and ∆t = 10−3s. The initial conditions
are uy0 = 0.005m and vy0 =−0.06m/s.
We can see the mesh used in Fig 6.47. The two faces of plate that are in the xy-plane
were completely fixed. Figure 6.48 shows the displacement field uy in the deformed structure at
different time steps of the solution for interpolation order P = 1.
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Fig. 6.42 – Displacement field uy for the deformed structure in t = 0, 0.04, 0.05, 0.06, 0.07,
0.08, 0.09 and 0.1s, respectively.
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Fig. 6.43 – Contact stress tN for P = 1 and P = 2.
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Fig. 6.44 – Contact stress tN for P = 2 without curved mapping and with NURBS mapping.
111
Fig. 6.45 – Contact stress tN for P = 3 without curved mapping and with NURBS mapping.
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Fig. 6.46 – Cylinder impact problem.
Fig. 6.47 – Mesh for the cylinder impact problem.
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Fig. 6.48 – Displacement field uy for the deformed structure in t = 0, 0.10, 0.12, 0.15, 0.18 and
0.20s, respectively.
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7 CONCLUSIONS
In the present work, we proposed a fully high-order mortar-based contact element
for solution of two and three-dimensional contact problems, considering small and large de-
formations and friction. In order to model the material in large deformation, the Neo-Hookean
isotropic compressible hyperelastic material model was considered. The proposed formulation
was an extension of the that one developed in [25] for three-dimensional contact problems using
the Augmented Lagrangian method to impose the contact restrictions.
We verified the behavior of the high-order contact element in small deformation
with two- and three-dimensional contact patch tests and with the analytical solution of the Hertz
problem. The contact element satisfied the patch test. After that, we could observe that the
solution for frictional contact in a two-dimensional problem with small deformation reaches
results in accordance with the literature.
The implementation of the two- and three-dimensional NURBS mapping was then
verified. The results showed that the application of mapping with NURBS smooths the contact
stress field for both of the analysed cases and promotes an increase of robustness and reliability
of the contact algorithm, avoiding discontinuities from the space discretization.
We also presented studies of accuracy and processing time of contact elements for
h- and p-refinements for the Hertz problem and a study of accuracy for the h- and p-refinements
for a frictional large deformation problem.
The main objective of the h- and p-refinements analysis is to study the accuracy of
results for stresses and forces generated by contact and the cost of solution. Results for these
analyses in small and large deformations assert the high-order interpolation as the strategy with
superior performance in contact problems.
We finished the results with two impact problems. We can observe that the increase
of the interpolation order eliminates the oscillations in the impact problem analysed. The in-
crease of the interpolation order promotes a better distribution of the mass inside the finite
element, reducing the kinetic energy loss in the contact area.
7.1 Future works
We are studying strategies to improve de high-order accuracy and time performance.
One of the initiatives is the parallelization of some important program parts using OpenMP
(Open Multi-Processing). Preliminary analysis point out promising results. Probably, the com-
plete program paralletization will be the target of the postdoctoral project already approved by
National Council for Scientific and Technological Development (CNPq).
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The next steps are to analyse the effect of a minimal energy basis [74] in contact
problems and keep working around the impact instabilities through the high-order formulation.
Our intention is to review and publish the present material in an indexed scientific journal and
our expectation is that the material resulting from impact and minimum energy basis simulations
generate at least two future articles.
Our proposal for a post-doctoral period is to extend the developed serial contact
code for a parallel version and apply the resultant parallel code to the analysis of biomedical
problems. As this kind of application involves a high computational cost, the codes developed
will focus in high-performance. Implementation will be carried out in the high-order code writ-
ten in C++ and the results will be compared with numerical results available in the doctoral
thesis obtained with the serial code.
As a first original application proposal, we will develop a three-dimensional eye
model with our high-order contact element. We will perform a computational simulation of
myopia using a human eye model and analyse the effects it can cause on several structures to
identify related pathologies. The simulation results can be compared with the literature clini-
cal data in terms of scleral thinning and retinal thickening at the posterior pole of the eye. We
believe that the model to be developed can be useful to study myopia and its associated patholo-
gies caused by mechanical loads and help identifying patients with potential retinal pathologies.
The numerical model may also help ophthalmologists to predict the onset of these pathologies
and consequently have more precise estimations for future preventive surgical interventions. As
a second application, we will use the previously mentioned eye model to simulate the effect of a
non-lethal weapon in the human eye with the rubber bullet impact. In both applications we will
be able to determine the way numerical strains and stresses are distributed in the contact eye
tissues interface and these values can be compared with experimental data from the literature to
verify if critical values were achieved.
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APPENDIX A – CONTACT EXPRESSIONS FOR PENALTY AND
LAGRANGE METHODS
In this section, we present the discretized expressions for the contact force vector
and stiffness matrix obtained with the penalty and Lagrange methods considering high-order
interpolation that we proposed in [25]. We also present a two-dimensional frictionless example.
Given the previous definitions, we can express the contact residual force vector in
element e for the Lagrange multiplier and penalty methods respectively as
ψLMe =
np
∑
p=1
(
BpnmpMTp +Mpn
T
mpB
T
p
)
wp ||anm0p ||wp, (A.1)
ψPENe =
np
∑
p=1
(
BpnmpnTmpB
T
p
)
wp ||anm0p ||wp. (A.2)
We also need the discrete linearization of the gap function variation ∆(δgNp) to
obtain the contact tangent matrix for frictionless problem. From Eq. (2.92), we have
∆(δgNp) = η
T
p
[
−Bp,ξnmpaTmpBTp −BpampnTmpBTp,ξ
−gNpBp,ξnmpnTmpBTp,ξ
cTmpnmp
||amp||2Bpampa
T
mpB
T
p
]
∆wp
||amp||2−gNpcTmpnmp
. (A.3)
Based on that, the contact tangent matrix of one contact element for the Lagrange
multiplier method is
KLMNe =
np
∑
p=1
[
KLM1Np −
[
KLM2Np +K
LM3
Np
] λNp
||amp||2−gNpcTmpnmp
]
||anm0p ||wp, (A.4)
where matrices KLM1Np , K
LM2
Np and K
LM3
Np are given, respectively, as
KLM1Np = BpnmpM
T
p +Mpn
T
mpB
T
p , (A.5)
KLM2Np = Bp,ξnmpa
T
mpB
T
p +Bpampn
T
mpB
T
p,ξ , (A.6)
KLM3Np = gNpBp,ξnmpn
T
mpB
T
p,ξ +
cTmpnmp
||amp||2Bpampa
T
mpB
T
p . (A.7)
Similarly for the penalty method, we obtain
KPENe =
np
∑
p=1
[
KPE1Np −
(
KPE2Np +K
PE3
Np
) gNp
||amp||2−gNpcTmpnmp
]
||anm0p ||wp, (A.8)
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where matrices KPE1Np , K
PE2
Np and K
PE3
Np are given, respectively, as
KPE1Np = Bpnmpn
T
mpB
T
p , (A.9)
KPE2Np = Bp,ξnmpa
T
mpB
T
p +Bpampn
T
mpB
T
p,ξ , (A.10)
KPE3Np = gNpBp,ξnmpn
T
mpB
T
p,ξ +
cTmpnmp
||amp||2Bpampa
T
mpB
T
p . (A.11)
The term cmp is a null vector, cTmp = [ 0 0 ]T , only in the case of interpolation
order P = 1, because it carries the mortar-based segment curvature information.
The contact residual vector and the tangent matrix were obtained for one contact
element. The respective global terms are constructed using the assembly procedure
ψCN =
Nce
∑
e=1
ψPENe , (A.12)
KCN =
Nce
∑
e=1
KPENe , (A.13)
where Nce is the number of active contact elements. We calculate the contact elements on the
integration points, generating residue and stiffness on the element nodes. As the integration
points can be projected on different targets (see Fig. 3.4), the contact elements may generate
residue and stiffness contributions in different degrees of freedom. This should be taken into
account in the construction of the contact element connectivity.
Now we present an example to show the improvement in solution accuracy with
high-order contact elements [25].
A.1 Example: Hyperelastic blocks
We perform the h- and p-refinements to analyze the improvement in solution ac-
curacy for a large deformation contact problem between two hyperelastic blocks [25]. The ge-
ometric and material parameters of the blocks are shown in Fig. A.1 and the used meshes in
Fig. A.2. It were considered Neo-Hookean compressible hyperelastic material, for both blocks,
penalty parameter εN = 5.0×104, plane strain state with updated Lagrangian formulation and
np = P+1 integration points per contact element. A total vertical displacement w =−0.5 [UL]
was applied on the top of block 1 with 5 steps. The bottom edge of block 1 was assumed as the
non-mortar surface and the top edge of block 2 as the mortar surface.
Figure A.3 shows the vertical displacement field uy for the deformed domain at
different steps of the solution for interpolation order P = 1 and mesh m24.
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Fig. A.1 – Geometry and material parameters for the hyperelastic blocks problem.
Mesh  m21
64 elements
72 dofs
Mesh  m22
144 elements
312 dofs
Mesh  m23
364 elements
764 dofs
Mesh  m
24
732 elements
1516 dofs
Mesh  m25
900 elements
1860 dofs
Mesh  m
26
1296 elements
2664 dofs
Fig. A.2 – Meshes for the hyperelastic blocks problem.
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Fig. A.3 – Displacement field uy for the deformed structure in load steps 1, 3, 4 and 5, respec-
tively.
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For the p-refinement, we used the mesh m21 and vary the interpolation order from
P = 1 to P = 5 (p1 to p5 labels). For the h-refinement, we fixed the interpolation order P = 1
and change the meshes from m21 to m26 (h1 to h6 labels). The results are shown in Fig. A.4 in
terms of the total reaction force on top of block 1.
Fig. A.4 – Total reaction force convergence for h- and p-refinements.
We observed that the force converged to the value 45.01 [UF ]. In order to compute
the reaction force error, we took this value as the converged or reference force value FC and
computed the percentage error ηF as
ηF =
FN −FC
FC
×100%. (A.14)
The results in terms of the number of degrees of freedom can be seen in Fig. A.5. The processing
time also in terms of the number of degrees of freedom is shown in Fig. A.6. The processing time
was computes using Eq. (6.8), where the maximum processing time was for the h6 refinement
with the penalty method.
We obtained the reaction force Fp3 = 45.4149 [UF ] for the p3 refinement with 588
dofs for the penalty method. The closest reaction force for the h-refinement was obtained with
the h6 mesh, Fh6 = 45.3917, but with 1860 dofs and more processing time when compared to
the p3 refinement.
If we compare the results of the h4 and p5 refinements for the penalty methods, we
observe a significant gain in accuracy and cost with the p5 refinement. The p5 presented an
error of ηFp5 = 0.0367% with 1600 dofs and time percentage of 21.18%; h4 achieved an error
of ηFh4 = 1.5134% with 1516 dofs and time percentage of 56.07%.
We can now proceed with the same comparison for the Lagrange multiplier method.
The p5 refinement presented an error of ηFp5 = 0.1147% with 1611 dofs and time percentage
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of 18.11%; h4 presented an error of ηFh4 = 1.4474% with 1529 dofs and time percentage of
49.54%. We can compare the time results in Fig. A.6. All results also show the better perfor-
mance of the p-refinement in terms of accuracy and time for large deformation problems.
Fig. A.5 – Error curves for the h- and p-refinements.
Fig. A.6 – Processing time in terms of the number of degrees of freedom.
The results in Fig. A.6 were obtained with standard symmetric stiffness matrix,
unlike previous cases where we have sparse symmetric stiffness matrices.
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APPENDIX B – DETAILS OF THE TANGENTIAL CONTACT
STIFFNESS MATRIX
The tangential matrix kcT (Eq. 3.51) can be rewritten in an open form as [48]
kcT = k
cstick/slip
T + tTαA
αβ kcTβ
= kc
stick/slip
T +
[
tT1A
11+ tT2A
12]kcT1 + [tT1A12+ tT2A22]kcT2 , (B.1)
where
kcT1 = T 11D
T
1 +T 12D
T
2 +D1T
T
11+D2T
T
11
−
(
BTp,12wp
(
ξ p
)
· τ1
)(
D1DT2 +D2D
T
1
)
+ T¯ 11DT1 + T¯ 21D
T
2
+D1T¯
T
11+D2T¯
T
21+gN
(
ξ p
)(
N12DT2 +D2N
T
12
)
−NN¯T1 −T 1
(
m11T¯ 11+m12T¯ 21
)T −T 2 (m21T¯ 11+m22T¯ 21)T
−N¯T1 N−
(
m11T¯ 11+m12T¯ 21
)
T T1 −
(
m21T¯ 11+m22T¯ 21
)
T T2 , (B.2)
kcT2 = T 21D
T
1 +T 22D
T
2 +D1T
T
21+D2T
T
22
−
(
BTp,12wp
(
ξ p
)
· τ2
)(
D1DT2 +D2D
T
1
)
+ T¯ 12DT1 + T¯ 22D
T
2
+D1T¯
T
12+D2T¯
T
22+gN
(
ξ p
)(
N21DT1 +D1N
T
21
)
−NN¯T2 −T 1
(
m11T¯ 12+m12T¯ 22
)T −T 2 (m21T¯ 12+m22T¯ 22)T
−N¯T2 N−
(
m11T¯ 12+m12T¯ 22
)
T T1 −
(
m21T¯ 12+m22T¯ 22
)
T T2 . (B.3)
The expression kc
stick/slip
T depends if stick or slip occurs. For stick cases,
kc
stick
T = εTp
[
M11D1DT1 +M12
(
D1DT2 +D2D
T
1
)
+M22D2DT2
]
. (B.4)
For slip cases,
kc
slip
T =
εTpµtN∥∥ttrialT ∥∥
[
(M11−piT1piT1)D1DT1 +(M12−piT1piT2)D1DT2
(M12−piT1piT2)D2DT1 +(M22−piT2piT2)D2DT2
]
. (B.5)
These expressions are symmetric.
132
APPENDIX C – SCHUR COMPLEMENT PROCEDURE
Now we consider the application of the Schur complement in the systems described
by Eq. (5.22), in case of static problems, and Eq. (5.38), in case of dynamic problems. We will
drop the superscripts n+ 1 and j for simplicity. In case of static simulation, we consider here
Kˆ=KT and ψ = Fint −Fextand for dynamic simulation Kˆ= b1M+KT and ψ =Ma+Fint −
Fext .
Writing the system in matrix form with boundary, internal and coupled blocks, we
obtain: [
Kˆbb Kˆbi
KˆTbi Kˆii
]{
∆ub
∆ui
}
=
{
ψb
ψ i
}
, (C.1)
where, after applying the Schur complement, we have(
Kˆbb− KˆbiKˆ−1ii KˆTbi
)
∆ub =
(
ψb− KˆbiKˆ−1ii ∆ub
)
, (C.2)
∆ui = Kˆ−1ii
(
ψ i− KˆTbi∆ub
)
. (C.3)
The procedure promotes a significant speed-up in contact problems considering
small deformations. However, in large deformation problems, we have to compute the resid-
ual vector iteratively inside the step size procedure (Algorithm 4), where the boundary modes
of the residual vector is corrected using the relationship ψb = ψb− Kˆbi
(
Kˆ−1ii ψ i
)
in each iter-
ation. In this procedure, the contributions Kˆii and Kˆbi have to be updated in all iteration of the
Algorithm 4, which makes the procedure expensive for large deformation.
